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Abstract.  
This work is on complete polynomial vector field in the unit ball of a 

Euclidean space by Theorem 2-4  
Keywords. Polynomial vector field, complete vector filed. 
 
1.Introduction 

Given any subset 𝐾 in 𝑅ே the set of all real 𝑁-ruples, a mapping 𝑣 ∶
 𝑅ே → 𝑅ே is said to be a complete vector field in 𝐾 if for every point 𝑘0 ∈ 𝐾 there 
exists  a curve 𝑥: 𝑅 →  𝐾 such that 𝑥ሺ0ሻ ൌ 𝑘0 and ௗ௫ሺ௧ሻ

ௗ௧
ൌ 𝑣ሺ𝑥ሺ𝑡ሻሻ for all reals  

𝑡 ∈ 𝑅. By definition 𝑣 ∶  𝑅ே → 𝐾ே is a polynomial vector filed if 𝑣ሺ𝑥ሻ ൌ
ሺ𝑃1ሺ𝑥ሻ, . . . , 𝑃ேሺ𝑥ሻሻ for any  𝑥 ∈ 𝑅ே with suitable polynomials 𝑃1, . . . , 𝑃ே: 𝑅ே → 𝑅  
of  𝑁  variables  (that is each 𝑃௜ is a finite linear combination of functions of the 
form 𝑥ே

௠ே … 𝑥ே
௠ே   with non-negative integers 𝑥௝: ሺ𝜉1, … , 𝜉ேሻ → 𝜉௝ denotes the 𝑗-th 

canonical function on 𝑅ே). By writing 〈ሺ𝜉1, … , 𝜉ேሻ, ሺ𝜂1, … , 𝜂ேሻ〉 ൌ ∑ 𝜉௜𝜂௜
ே
௜=1   for 

the inner product in 𝑅ே, it is easy to see [2] that a polynomial (or even smooth) 
vector filed is  complete in the unit ball B := (〈𝑥, 𝑥〉 ൏ 1ሻ iff it is complete in the 
sphere 𝑆 ∶ൌ ሺ〈𝑥, 𝑥〉 ൌ 1ሻ. Furthermore, 𝑣 is complete in 𝑆 iff it is orthogonal to 
the radius vector on 𝑆  i.e if 〈𝑣ሺ𝑥ሻ, 𝑥〉 ൌ 0 for all 𝑥 ∈ 𝑆 . 

In 2001 L.L Stacho [1] described the real polynomial vector fields of the 
unit disc D of the space C of complex numbers. He has shown that a real 
polynomial vector field 𝑃: 𝐶 → 𝐶 
is complete in D iff 𝑃 is a finite real linear combination of the function 𝑖𝑧, 𝛾 ௭̅೘ െ
𝛾̅𝑧௠+2 ሺ𝛾 ∈ 𝐶, 𝑚 ൌ 0,1,2, … ሻ and ሺ1 െ |𝑧|2ሻ𝑄 where 𝑄 is any real polynomial 
𝐶 → 𝐶. In this paper the complete polynomial vector fields of the Euclidean unit 
ball 𝐵 (or equivalently the unit Euclidean sphere 𝑆) of 𝑅ே. We show that 𝑃 ∶
 𝑅ே → 𝑅ே is a complete polynomial vector filed in 𝐵 if and only if 𝑃ሺ𝑥ሻ ൌ
𝑅ሺ𝑥ሻ െ 〈𝑅ሺ𝑥ሻ, 𝑥〉 ൅ ሺ1 െ 〈𝑥, 𝑥〉ሻ𝑄ሺ𝑥ሻ for some polynomial vector fields 𝑄, 
𝑅: 𝑅ே → 𝑅ே. Our result not only generalizes the result [1] on 𝐷, but it even 
simplifies it by showing that the the complete polynomial vector fields on the unit 
disc of 𝐶 have the form ሺ𝑖𝑝ሺ𝑧ሻ𝑧 ൅ 𝑞ሺ𝑧ሻሺ1 െ |𝑧|2ሻሻ where 𝑝, 𝑞 ∶ 𝐶 → 𝑅 are any 
real polynomials. In our previous work [3] we represented complete vector fields 
on a simplex as polynomial combinations of finitely many basic complete vector 
fields. This idea motivated the formulation of our main result Theorem 2.3 and  
the Theorem 2.4. 
Main result  
2.1.   Lemma. Let 𝑓: 𝑅ே → 𝑅 be a polynomial such that 𝑓ሺ𝑥ሻ ൌ 0 for 𝑥 ∈ 𝑆 where 
𝑆 ൌ ሺ〈𝑥, 𝑥〉 ൌ 1ሻ. Then there exists a polynomial 𝑄: 𝑅ே → 𝑅, such that 𝑓ሺ𝑥ሻ ൌ
ሺ1 െ 〈𝑥, 𝑥〉ሻ𝑄ሺ𝑥ሻ. 
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Proof. Let 𝑔: 𝐵 → 𝑅 be function on the unit ball 𝐵: ሺ〈𝑥, 𝑥〉 ൏ 1ሻ, defined by  
𝑔ሺ𝑥ሻ ൌ ௙ሺ௫ሻ

ሺ1−〈௫,௫〉ሻ
 . The function 𝑔 is analytic, since it is the quotient of two 

polynomials. 
Thus 𝑔ሺ𝑥ሻ ൌ ∑ 𝑔௞ሺ𝑥ሻஶ

௞=0  where 𝑔௞ are 𝑘-homogeneous polynomial on 𝑅ே. We 
have 𝑓ሺേ𝑒ሻ ൌ 0 whenever 〈𝑒, 𝑒〉 ൌ 1, there exists a polynomial 𝑃௘: 𝑅 → 𝑅 of 
degree ൑  𝑑𝑒𝑔𝑓 െ 2 such that ሺ1 െ 𝑡2ሻ𝑃௘ሺ𝑡ሻ ൌ 𝑓ሺ𝑡𝑒ሻ. It follows that, for every 
fixed unit vector 𝑒 ∈ 𝑅ே, 𝑔ሺ𝑡𝑒ሻ ൌ ௙ሺ௧௘ሻ

ሺ1−௧మሻ
ൌ 𝑃௘ሺ𝑡ሻ ∑ 𝛼௞ሺ𝑒ሻ𝑡௞ௗ௘௚௙−2

௞=0   with suitable 

constants 𝛼0ሺ𝑒ሻ, . . . , 𝛼ௗ௘௚−2ሺ𝑒ሻ ∈ 𝑅. Thus 𝑔 ൌ ∑ 𝑔௞
ௗ௘௚௙−2
௞=0  is a polynomial. This 

completes the proof.  
 
2.2. Remark. In classical algebraic geometry [4] an analogous result is known for 
irreducible sets is 𝐾ே where 𝐾 is an algebraically closed field. However, we do 
not know any reference for the simple case of the lemma. 
2.3  Theorem.  Let 𝑃 ∶  𝑅ே → 𝑅ே be a polynomial vector field. Then 𝑃 is 
complete in the ball 𝐵 ൌ ሺ〈𝑥, 𝑥〉 െ 1ሻ(or equivalently in the sphere 𝑆 ൌ ሺ〈𝑥, 𝑥〉 െ
1ሻሻ if and only if  
ሾ𝑃ሺ𝑥ሻ ൌ 𝑅ሺ𝑥ሻ െ 〈𝑅ሺ𝑥ሻ, 𝑥〉𝑥 ൅ ሺ1 െ 〈𝑥, 𝑥〉ሻ𝑄ሺ𝑥ሻሿ. 
               See the paper [1] for the proof  
2.4.  Theorem.  Let 𝛹 bounded continuously differentiable, 0 ൏ 𝛹 ൑ 1 and 
𝑊: 𝐵ሺ𝑅ேሻ → 𝑅ே is a complete vector field then 𝛹𝑊 is complete vector field. 
proof.  Let w(t) = ∫ 𝜓ሺ𝑥𝓉

௧
𝓉=0 ሻ 𝑑𝓉 𝑎𝑛𝑑 𝑥0 ∈ 𝑅௡ , 𝑥௧ ∶  ௗ

ௗ௧
൫ 𝑥ሺ𝑡ሻ൯ ൌ 𝑤൫𝑥ሺ𝑡ሻ൯ , 𝑡 ∈

𝑅 .   
X(t) is well defined because W is a complete vector field  
   𝑦௧ ൌ 𝑥௪ሺ௧ሻ ;  𝑦0 ൌ 𝑥௪ሺ0ሻ ൌ 𝑥0 

𝑦ᇱሺ𝑡ሻ ൌ ௗ
ௗ௧

𝑦ሺ𝑡ሻ ൌ 𝛹ሺ𝑦ሺ𝑡ሻሻ 𝑤ሺ𝑦ሺ𝑡ሻ) 

𝑦ሺ𝑡ሻ ൌ 𝑥ሺ𝑤ሺ𝑡ሻሻ  ;     𝑥ሺ0ሻ ൌ 𝑥0 

𝑥ᇱሺ𝑡ሻ ൌ 𝑤ሺ𝑥ሺ𝑡ሻሻ  

𝑦ᇱሺ𝑡ሻ ൌ ௗ
ௗ௧

𝑦ሺ𝑡ሻ ൌ 𝑥ᇱሺ𝑤ሺ𝑡ሻ ሻ𝑤ᇱሺ𝑡ሻ ൌ 𝑤ሺ𝑥ሺ𝑤ሺ𝑡ሻሻሻ. 𝑤ᇱሺ𝑡ሻ ൌ 𝑤ሺ𝑦ሺ𝑡ሻሻ. 𝑤ᇱሺ𝑡ሻ . 

𝛹ሺ𝑦ሺ𝑡ሻሻ ൌ  𝑤ᇱሺ𝑡ሻ  ;   𝑤ሺ0ሻ ൌ 0 

𝛹ሺ𝑥ሺ𝑤ሺ𝑡ሻሻሻ ൌ 𝑤ᇱሺ𝑡ሻ 

𝜑 ൌ 𝛹𝑜𝑥      Bounded By assumption (also 𝐶1 _ smooth) 

𝑤ᇱሺ𝑡ሻ ൌ  𝜑ሺ𝑤ሺ𝑡ሻሻ  ;   𝑤ሺ0ሻ ൌ 0 

𝑤ᇱሺ𝑡ሻ
𝜑ሺ𝑤ሺ𝑡ሻሻ ൌ 1     ,        Φሺ𝑠ሻ ൌ න

𝑑𝜏
𝜑ሺ𝜏ሻ

௦

ఛ=0
 

ௗ
ௗ௧

Φ൫𝑤ሺ𝑡ሻ൯ ൌ 1  ;     Φሺ0ሻ ൌ 0  monotonic increasing strictly imply that Φ−1  

exists Φሺ𝑤ሺ𝑡ሻሻ ൌ 𝑡 then 𝑤ሺ𝑡ሻ ൌ  Φ−1ሺ𝑡ሻ    ∎ 

2.5. Theorem.  Let 𝑉௞: 𝑥 → 𝑒௞ െ 〈𝑒௞, 𝑥〉𝑥 where 𝑘 ൌ 1,2,3, . . . , 𝑁. 
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Then every complete polynomial vector field on the sphere 𝑆: ൌ ሺ∑ 𝑥௜
2 ൌ 1ሻே

௜=1  
coincides with some vector field of the form 𝑉ሺ𝑥ሻ ൌ ∑ 𝑃௞ሺ𝑥ሻ𝑉௞ሺ𝑥ሻே

௞=1  when 
restricted to 𝑆 where  𝑃1, . . . , 𝑃௡: 𝑅௡ → 𝑅 are appropriate polynomials. 
proof.  Let 𝑥 ൌ ∑ 𝑥௜ 𝑒௜ be fixed, and let 𝛼௫: 𝑅ே → 𝑅ே be the linear mapping 𝑦 →
𝑦 െ 〈𝑥, 𝑦〉𝑥.  Consider the operation 𝛽௫: 𝑦 → ሺ1 െ 〈𝑥, 𝑥〉ሻ𝑦+ ൅ 〈𝑥, 𝑦〉𝑥  where 𝑦+ 
stands for adjoint of y. Observe that  

𝛼௫ሺ𝛽௫ሺ𝑦ሻሻ ൌ 𝛽௫ሺ𝑦ሻ െ 〈𝑥, 𝛽௫〉𝑥 ൌ 
                      ൌ ሺ1 െ 〈𝑥, 𝑥〉ሻ𝑦 ൅ 〈𝑥, 𝑦〉𝑥 െ 〈𝑥, ሺ1 െ 2𝑥, 𝑥〉ሻ𝑦 ൅ 〈𝑥, 𝑦〉𝑥ሻ𝑥= 
ൌ  ሺ1 െ 〈𝑥, 𝑥〉ሻ𝑦 ൅ 〈𝑥, 𝑦〉𝑥 െ 〈𝑥, 𝑦〉𝑥 ൅ 〈𝑥, 𝑥〉〈𝑥, 𝑦〉𝑥 െ 〈𝑥, 𝑥〉〈𝑥, 𝑦〉𝑥 ൌ ሺ1 െ
〈𝑥, 𝑥〉ሻ𝑦. 

Then, by writing 𝑉௞ሺ𝑥ሻ ൌ 𝛼௫ሺ𝑒௫ሻ and 𝑄௑ሺ𝑥ሻ ൌ 𝛽௫൫𝑄ሺ𝑥ሻ൯ ൌ ∑ 𝑞௞
∗𝑒௞

ே
௞=1    and  

   𝛼௫ሺ𝑄∗ሺ𝑥ሻሻ ൌ 𝛼௫ሺ𝛽௫ሺ𝑄ሺ𝑥ሻሻ ൌ ሺ1 െ 〈𝑥, 𝑥〉ሻ𝑄ሺ𝑥ሻ, 

𝛼௫ሺ∑ 𝑞௞
∗𝑒௞ሻ ே

௞=1 ൌ ∑ 𝑞௞
∗𝛼௫ሺ𝑒௞ሻ  ൌ ∑ 𝑞௞

∗ሺ𝑥ሻ𝑉௞ሺ𝑥ሻே
௞=1

ே
௞=1 . 

Then, by writing 𝑣௞ሺ𝑥ሻ: ൌ 〈𝑉ሺ𝑥ሻ, 𝑒௞〉 ሺ𝑘 ൌ 1, . . . , 𝑁ሻ for the component function 
of the vector field V, we have 𝑉ሺ𝑥ሻ: ൌ ∑ 𝑣௞𝑒௞ and 𝑅ሺ𝑥ሻ െ 〈𝑥, 𝑅ሺ𝑥ሻ〉𝑥 ൌ
𝛼௫ሺ𝑅ሺ𝑥ሻሻ ൌ  𝛼௫ሺ∑ 𝑣௞ሺ𝑥ሻ𝑒௞ሻ ൌ ே

௞=1  

ൌ ෍ 𝑣௞ሺ𝑥ሻ𝛼ሺ𝑒௞ሻ ൌ ෍ 𝑣௞

ே

௞=1

ሺ𝑥ሻ𝑉௞ሺ𝑥ሻ 

By this we get 
ሺ1 െ 〈𝑥, 𝑥〉ሻ𝑄ሺ𝑥ሻ ൌ ෍ 𝑞௞

∗ ሺ𝑥ሻ𝑣௞ሺ𝑥ሻ. 
Thus, with the scalar valued polynomials 𝑝௞ሺ𝑥ሻ ≔ 𝑣௞ሺ𝑥ሻ ൅ 𝑞௞ሺ𝑥ሻ we have  

𝑉ሺ𝑥ሻ ൌ ෍ 𝑣௞

ே

௞=1

ሺ𝑥ሻ𝑉௞ሺ𝑥ሻ ൌ ෍ 𝑞௞
∗

ே

௞=1

ሺ𝑥ሻ𝑉௞ሺ𝑥ሻ ൌ 

               

           ൌ ෍ሺ𝑣௞

ே

௞=1

ሺ𝑥ሻ ൅ 𝑞௞
∗ሺ𝑥ሻሻ𝑉௞ሺ𝑥ሻ ൌ 

           ൌ ෍ 𝑞௞ሺ𝑥ሻ
ே

௞=1

𝑉௞ሺ𝑥ሻ     ∎ 
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