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Abstract.

This work is on complete polynomial vector field in the unit ball of a
Euclidean space by Theorem 2-4
Keywords. Polynomial vector field, complete vector filed.

1.Introduction
Given any subset K in RN the set of all real N-ruples, a mapping v :

RN — RY is said to be a complete vector field in K if for every point k, € K there
exists a curve x: R = K such that x(0) = k, and d’;(tt) = v(x(t)) for all reals
t € R. By definition v: RY - KV is a polynomial vector filed if v(x) =
(P,(x),...,Py(x)) for any x € RN with suitable polynomials Py,...,Py:RY - R
of N variables (that is each P; is a finite linear combination of functions of the

form x™V ...x§"™"  with non-negative integers x;: (&1, ..., éy) — &; denotes the j-th

canonical function on RV). By writing ((&y, ..., Ex), (111, -, My)) = XN, &m; for
the inner product in RV, it is easy to see [2] that a polynomial (or even smooth)
vector filed is complete in the unit ball B := ({x,x) < 1) iff it is complete in the
sphere S := ({(x,x) = 1). Furthermore, v is complete in S iff it is orthogonal to
the radius vector on S i.e if (v(x),x) =0 forallx € S .

In 2001 L.L Stacho [1] described the real polynomial vector fields of the
unit disc D of the space C of complex numbers. He has shown that a real
polynomial vector field P: C - C
is complete in D iff P is a finite real linear combination of the function iz, yZ —
yz™2 (y e C,m=0,1,2,..) and (1 — |z|?)Q where Q is any real polynomial
C — C. In this paper the complete polynomial vector fields of the Euclidean unit
ball B (or equivalently the unit Euclidean sphere S) of RN. We show that P :
RN - RY is a complete polynomial vector filed in B if and only if P(x) =
R(x) — (R(x),x)+ (1 —(x,x))Q(x) for some polynomial vector fields Q,
R: RN — RN Our result not only generalizes the result [1] on D, but it even
simplifies it by showing that the the complete polynomial vector fields on the unit
disc of C have the form (ip(z)z + q(z)(1 — |z|?)) where p,q : C > R are any
real polynomials. In our previous work [3] we represented complete vector fields
on a simplex as polynomial combinations of finitely many basic complete vector
fields. This idea motivated the formulation of our main result Theorem 2.3 and
the Theorem 2.4.

Main result

2.1. Lemma. Let f: RN — R be a polynomial such that f(x) = 0 for x € S where
S = ({x,x) = 1). Then there exists a polynomial Q:RY — R, such that f(x) =
(1 —{x,x)QX).
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Proof. Let g:B — R be function on the unit ball B:({x,x) < 1), defined by
gx) =—— J® _ The function g 1s analytic, since it is the quotient of two

RETEDR
polynomials.
Thus g(x) = X720 gk (x) where g, are k-homogeneous polynomial on RY. We
have f(+e) = 0 whenever (e,e) = 1, there exists a polynomial P,: R - R of
degree < degf — 2 such that (1 — t?)P,(t) = f(te). It follows that, for every

fixed unit vector e € RN, g(te) = (l“fz)) P,(t) $%91 72 g, (e)t* with suitable

constants ag(e), ..., Ageg_2(€) € R. Thus g = Y49 ~% g, is a polynomial. This
completes the proof.

2.2. Remark. In classical algebraic geometry [4] an analogous result is known for
irreducible sets is KV where K is an algebraically closed field. However, we do
not know any reference for the simple case of the lemma.
2.3 Theorem. Let P: RN —» RN be a polynomial vector field. Then P is
complete in the ball B = ({x, x) — 1)(or equivalently in the sphere S = ({x, x) —
1)) if and only if
[P(x) = R(x) = (R(x),x)x + (1 — {x, x))Q(x)].

See the paper [1] for the proof
2.4. Theorem. Let ¥ bounded continuously differentiable, 0 <¥ <1 and
W:B(RY) > RV isa complete vector field then ¥ W is complete vector field.

proof. Let w(t) = f _o¥(x¢) dt and xo € R™ , x, : —(x(t)) w(x(®),t €

R.
X(t) is well defined because W is a complete vector field

Yt = Xw(t) s Yo = Xw(o) = Xo
y'(£) = y(t) = Y () wy (D)
y(t) = xw(t)) ; x(0) = x,
x'(t) = w(x(t)
Y'(£) = Sy(8) = ' (w(e) W' (1) = wxw(t).w'(t) = w(y (). w'(¢) .
W) = w'(t) ; w(0) =0
w(x(w())) = w'(t)

@ = Wox Bounded By assumption (also C* _ smooth)
w'(t) = o(w(t)) ; w(0) =0

w'(t) _(f dr
o) L CD(S)‘Low(r)

iCI)(W(t)) =1; &(0) =0 monotonic increasing strictly imply that &1

exists ®(w(t)) = tthenw(t) = ®71(t) m
2.5. Theorem. LetV,:x — e, — (ey, x)x where k = 1,2,3,..., N.
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Then every complete polynomial vector field on the sphere S:= XN, x? = 1)
coincides with some vector field of the form V(x) = YXh_; Pr(x)Vi(x) when
restricted to S where Pj, ..., B,: R™ = R are appropriate polynomials.

proof. Let x = Y x; e; be fixed, and let a,: RY — RN be the linear mapping y —
y — (x, y)x. Consider the operation B,:y = (1 — (x,x))y* + (x,y)x where y*
stands for adjoint of y. Observe that

(B (V) = Brx(¥) — (x, Br)x =

= (1= (x,xNy + (x,y)x — {x, (1 — 2x,x))y + (x, y)x)x=
= (1= {x,x)y + (x,y)x — (x, y)x + (x, 1%, y)x — (6, x 0%, y)yx = (1 —
(x, x))y.

Then, by writing V, (x) = a,(e,) and Q¥ (x) = ﬁx(Q(x)) = YN . qier and

2 (Q" (%)) = ax(Bx(Q(x)) = (1 — {x,x))Q(x),
ax (ZR=1qren) = Zk=19x(ex) = Zk=1 G()Vie(x).
Then, by writing vy (x): = (V(x),ex) (k =1,...,N) for the component function

of the vector field V, we have V(x):=Yvie, and R(x)— (x,R(x))x =
ax(R(x)) = ax (=1 vi(Wer) =

N

= Z ve(X)a(ey) = 2 Ve () Vi ()

k=1
By this we get

(1= (6 x)Q0) = ) Glw(x).

Thus, with the scalar valued polynomials py (x) = v, (x) + g (x) we have
N N

Ve = D u V() = ) g GVe) =
k=1

k=1

N
= D @@ + GVl =
k=1
N
=D a@hE
k=1
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