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Abstract:

In this paper, we have applied Anuj transform to solve partial differential equations and
derived the partial derivatives of the Anuj transform.

Keywords: Anuj Transform, Partial Differential Equations.

Introduction:

Partial differential equations (PDE) are one of the most important areas of mathematics
science in general, applied mathematics in particular. This led to invention of many methods
and techniques for solving PDE [2], [3], [4] & [5]. The integral transforms were and still are
one of the most popular methods for solving PDE such as Sumudu transform, Kamal
transform, Laplace transform and Mohand transform to name but a few. Recently, a new
transform has appeared which named Anuj Transform [1]. In this paper, we will apply the
Anuj transform to solve PDEs. Therefore, our target is to derive the partial derivatives of the
Anuj transform and solve some problems as examples.

1. DEFINITION OF ANUJ TRANSFORM [1]
If we have a real function f(t);t = 0, then Anuj Transform is defined as the following
integral equation:

MF@} =v2 [ f(Be™vdt = R(), v> 0 <))

where A is the Anuj Transform operator and v is real parameter.

(409)
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2. Anuj Transform and Inverse Anuj Transform of Some Functions [1]

t) =
S. No. t AMf()}=%R R _f(
f( ) {f( )} (r) (») A 1{93(p)}
1 1 v3 v3 1
2 t vt v t
3 £2 2175 VS e
2!
m—3
4 tm:meN mlym+3 v meN :
(m-3)!
t™ ,ym m+3 Vm+3;m em
5 S 1 '(m+ 1)v > 1 T
6 eat V3 VS eat
1—(11/ 1—a4v
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v3 v3
8 CoSs it e o Ccos fit
: pv* v sinh Bt
9 Sinh St 1-B2v2 1-p7y? B
v3 v3
10 cosh it Y R cosh it
at ( ) (1 N
11 et f(t 2 v - -
ap) SR (1—av)

Table (1): Anuj transform and inverse Anuj transform of some functions.

3. Anuj Transform of Partial Derivatives:

To obtain Anuj transform of partial derivatives we have:

MF(O} = V2 [ f(©)e vdt = R(v)

; e

and let us to consider f(t) = aL’:t), then: A

use integration by parts as follows:

af (x,t)
A

_ 2 (RUED -T2 (49 -2
}—v ly —e vdt—(}l_{rgov Jo —5;—e vdt

at

=2 ‘}1_{210 [[f(x, t)e_s]z + %foqf(x, t)e_gdt]

(410)

o _t .
} =V, %e vdt. Now, we will
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= —v2f(x,0) + %%(x, V)

of (x, _
A{%} = v IR(x,v) —v23f(x,0)

(2)

o _t . .
To find A {a e t)} f o f (x Y e~ vdt and in the same way above, we will get:

AZLEDY = 2 (220D "dt—hmv )

at2

q9%f(xt) __dt

— 2 lim [[af(xt) —;] 41 fqaf(xt) “dt]

q—

By using equation (2), we obtain:

A{m} = v 2R(x,v) —vf(x,0) —

ot2

(3)

Thus, we can deduce the nth partial derivative in the following formula:

A {anf(x,t)} = v "R(x,v) — v‘”+3f(x, 0) —

atn
ynH6 3fx0)  9"TPf(x0) 50" 1f(x,0)
ot3 atn—2 otn—1

pn+a af(x0) _ yn+S 2f(x0) _

at2

(4)

Now, if we have A {af a(i t)} v2 [ * af (x e~ _dt and by using the Leibinz rule and respect

to the parameter x, we should get:

JCT) ooaf<xt) “L
A{ ox } f dt

A = £ e

Also we can deduce:

aZ . 2
A = I eev)]

In the general formula, we have:

— Zf flx,t)e” vdt

(5)

(6)
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Therefore, we can summarize the above work in table (2):

S.No.| f(®) A{f(6)}
1 % vIR(x,v) —v2f(x,0)
2 azgg,t) Vv72R(x,v) — vf(x,0) — v? %
. o VR(x,v) — v 3 (x, 0) — v—_n+4 % _ v_—n+5 % _
Jtn V—n+6m 0" (x0) 50" f(x,0)
G0 at3 y atn—2 atn-1
4 ZT d—); [R(x,v)]
e SR v)]
6 |L&o R v)]

Table (2): Anuj Transform of partial derivatives.

4. Applications
Example (1): Solve the partial differential equation:

2up + 3upe = Uy, +2(x% —9x — t + 3) )
with boundary conditions:
u(x,0) = x3 + x,u,(x,0) = x2, u(0,t) = t? &u,(0,t) = 1.

Solution: Taking Anuj transform to both sides of given equation (I) and using table (2), we

will get:
2A{us} + 3A{u} = 3A{wy, } + 2(x% — 9x + 3)A{1} — 2A{¢t}

2[vIR(x,v) — viu(x, 0)] + 3[v2R(x,v) — vu(x, 0) — vZu,(x, 0)] = 3R, (x,v) +
2v3(x%? —9x + 3) — 2v*

2v+3

v2

= 3R, (x,v) — Rx,v) = 2v* —2v3(x%2 = 9x + 3) — 3v2x%2 — (2v2 + 3v)(x3 + x) (1)

(412)
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Last equation is a second-order differential equation (ODE) in x, where it has
complementary solution (|R.):

V2v+3

Re(x,v) = Cre™ + Ge™™ a = —F%

To obtain the particular solution (R,) we consider:

d? Rp(xv)
dx?

R,(x,v) =Ax* +Bx* +(x+D = = 6Ax + 2B

and substitute into Eq. (II) we get:

2v+3
2

(2v2+3v)(x3 + x)

3[64x + 2B] —

[Ax3 + Bx? + Cx + D] = 2v* — 2v3(x? — 9x + 3) — 3v?x? —

2v+3

v2

(68 -

D)+ (184 -

2v+3 2v+3 2v+3
C) — = Bx? ——-
v v

Ax3 =2v* —6v3 —x(2v?i +

v2

3v —18v3) — x3(2v3 + 3v?%) — x2(2v3 + 3v?)
which gives us the following values:
A=v, B=v*, C=v3 & D=2

V2v+3

= ROv) =Ce™ + Ce ™™ +v3x® +vix? +v3ix + 2050 = ——.

As we have: u(0,t) = t? = R(0,v) = 2v°
= ROV=C+CG+2v°=2v"=>3(+C=0=C =—C,.

And: u,(0,t) =1 = R, (0,v) =v3

> R.(0,v) = “323(:1 B, 43 =3 (- (=02 C, =, = 0.
R(x,v) =v3x3 +vix? +v3x + 20° (111)

Now, we take the inverse Anuj transform to Eq. (III),

(413)
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AMR(x, )} = x3A[V3} + x2Av*} + xA{v3} + A{2v>}
then the solution of Eq. (I) is:
u(x, t) = x3 + tx? + x + t2
Example (2): Solve the partial differential equation:
Wi — Wiy =0; 0x<m,t>0, (D
with boundary conditions w(x,0) = sinx, w;(x,0) = 0,w(0,t) = 0 & w(m,t) = 0.
Solution: By applying Anuj transform to both sides of Eq. (I) and using table (2), we get:
A{wye} — Mwyy} =0
v2R(x,v) —vw(x,0) — v2w,(x,0) — R, (x,v) =0
= R (4, v) — v 2R(x,v) = —vw(x, 0) — v2w,(x, 0)

The boundary conditions w(0,t) = w(m,t) = 0 give a zero solution to the homogeneous
differential equation of Eq. (I). For inhomogeneous differential equation and by using

boundary conditions w(x, 0) = sinx & w;(x,0) = 0, we obtain:

R (x,v) = v 2R(x,v) = —vsinx

-V . . -V
—(sinx) =sinx T
D2__ -1
2 2

v v

R(x,v) =

v3

R(x,v) =sinx 0 (1)
Now, by applying the inverse Anuj transform to Eq. (II) we obtain the solution:
w(x,t) = sinx cost.
Example (3): Solve the partial differential equation:
we(x, t) — 2w (x, t) =w(x,t); x>0 ,t>0, D

(414)
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with initial conditions w(x, 0) = e3*,w(0,t) = e 2L,
Solution: By applying Anuj transform to both sides of Eq. (I), we get:
R, (x,v) = 2[vIR(x,v) — viw(x, 0)] = R(x,v)

=> R, (x,v) — (% + 1) R(x,v) = —2v2e~ 3%, 1))

2
Eq. (I) is the linear ODE and it has the integration factor: A = e_(17+1)x. Thus:

3 2
R(x,v) = lz—we‘” + Ce(v+1)x (TII)
3
Now, we have: w(0,t) = et = R(0,v) = —
1+2v
substitute into Eq. (III) we get:
3 3
= _ 4(C=>C=0
1+2v 1+2v
3
R(x,v) = —e 3%, (VD)

1+2v

By applying the inverse Anuj transform to Eq. (VI) we obtain the solution:
W(x, t) — e—(2t+3x)_
Example (4): Solve the partial differential equation:
Wxx = Wt D
with boundary conditions w(x, 0) = sin%x,W(O, t) =0 &w(,t) =0.
Solution: By applying Anuj transform to both sides of Eq. (I), we get:
AMwir } = Mwy}

R (x,v) = v IR(x,v) — viw(x, 0)

(415)
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&Ry (o, v) — %%(x, V) = —v~? sin%x. D)

Eq. (IT) is a second ODE in x, where it has complementary solution:

1
X

1
R.(x,v) = eV + Cre W,

To obtain the particular solution we have:

R,(x,v) = D_vz (sinzx)

2_1 y
v

v3

= R,(x,v) = sinZx

2
T
1 1+A—2V
Ly . i v3
R(x,v) = Ciew" + Ce W +sin-x—rz.
A 1+A—2V

As we have: w(0,t) = w(A,t) =0

. W(O,t):O:>Cl+C2:O:>C2:_C1

1 1 1 1
& wlt) =0 Ce +Cre W =0 (eﬁx _ e‘ﬁ") _o.

1 1
AsieW —e W #0=C, =0=C, =0.

3
s~ Rx,v) = sin%x Vnz (1II)
1+1—2V

Now, we take the inverse Anuj transform to Eq. (III)

AR (x, )} = sin%xA{ 7 }

then the solution of Eq. (I) is:

2

_r T
ulx,t) =e lztsin;x.

(416)
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Conclusion: In this paper, authors have successfully appled the application of Anuj
transform to solve PDE's and the examples given in the paper have been solved. The results
of problems show that the Anuj transform is very useful integral transform for solving such
equations. In addition, all the obtained solutions of the indicated problems are satisfied by
putting them back in the corresponding equations. Anuj transform can be used in future to
solve a wide class of similar equations.
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