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Abstract. In this paper, H-property is defined in bitopological spaces. Characterizations of
spaces with H-property and the relationship between such spaces and P-To, P-T, P-T; and
P-regular spaces are discussed.
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1.Introduction

The concept of bitopological spaces was introduced by Kelly [1] in 1963; where he
considered a bitopological space (X, Tz, T2 ) as a non-empty set X equipped with two
topologies Tz and 1z2. In that paper, Kelly defined pairwise separation axioms in bitopological
spaces as pairwise Hausdorff, pairwise regular and pairwise normal axioms. He also
investigated their properties. More details on bitopological spaces can be found in [2-9]. In
[10], Murdeshwar and Naimpally introduced the notions of pairwise To and pairwise T
spaces. The fivst auther introduced H-property in [11]. In this work, H-property is defined in
bitopological spaces characterizations of spaces with H-property and also the relationship
between such spaces and P-To,

P-Ti, P-T> and P-regular spaces are investigated.
2. Bitopological spaces:

2.1. Definition. [10] A bitopological space ( X, Tz, 12 ) is called P-To space if whenever x
and y are distinct points in X there is an open set Ue T7UT2 containing one point and not the
other.

2.2. Example. Let X be any non empty set. Define t: to be the discrete topology on X and
T2 is the trivial topology on X, then ( X, Tz, 12 ) is P-To .

2.3. Example. Let X={a,b,c}, 11={ X,9,{a,c} }and 12 ={ X,d,{c}}.
Then( X, tz1, 12 ) 1s P-To space.
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2.4. Remark. If ( X, t1) and ( X, t2 ) are To — spaces , then ( X, t1, T2 ) is P-To space. In
general, the converse is not true. Take X be any infinite set, t1 is the trivial topology and T2
is the discrete topology .

2.5. Definition. [10] A bitopological space ( X, Tz, T2 ) is called P-Ti space if whenever x
and y are distinct points in X there are two open set U,Ve t:Ut2 one containing x but not y
and the other containing y but not x.

2.6. Example. Let X={a,b}, 11={ X,,{a}}and 12 ={ X,0,{b}}. Then( X, t1, 12 ) is P-T|
space.

2.7. Remark. The above example shows that if ( X, t1, 12 ) is P-T1 space then this doesn't
imply ( X, tz) or ( X, 12 ) is T1 — space.

The following theorem shows that P-T; =P-T.

2.8. Theorem. Let ( X, 1, T2 ) be a P-T1 space. Then it is P-Ty as well.

The following example shows that P-To space is not necessary P-T space.

2.9. Example. Let X={a,b}, t1={ X,9,{a} }and T2 ={ X,¢}. Then( X, t1, 12 ) is
P-To but is not P-T.

2.10. Definition. Let( X, Tz, 12 ) be a bitopological space, Y <X and let

Ty ={UNY: Ue 11} and t2y ={VNY: Ve 12} .then, T1y and 12, are both topologies on Y and
(Y, t1y, 2y ) is called the subspace of the bitopological space (X,t1,T2 ).

2.11. Theorem. Let ( X, Tz, T2 ) be a bitopological space which is P-T; (P-To) space. Then
every subspace of X is P-T (P-To) space.

2.12. Definition. A space ( X, Tz, T2 ) is said to be P-T> space if any two distinct points in
X can be separated by two disjoint open sets in T7 U T2.

2.13. Example. Let X be an infinite set, Tz is the co-finite topology on X and 1z the discrete
topology on X . Then, ( X, t1, T2 ) is P-T2 space.

The following theorem states that P-T> =P-Tj.

2.14. Theorem. Let ( X, Tz, T2 ) be a bitopological space which is P-T> space, then X is P-
T space.

2.15. Theorem. Let ( X, T1, T2 ) be a bitopological space which is P-T> space. Then, every
subspace of X is P-T space.

2.16. Definition. (Kelly) let ( X, Tz, T2 ) be a bitopological space. Then t: is said to be
regular with respect to t2if for each point x in X and each closed set P in Tz such that x ¢ P
there are two sets U € tTrand Ve tz such thatx eU,Pc Vand UNV =¢.
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2.17. Definition. A bitopological space ( X, 1, 12 ) is said to be P-regular if for each x € X
and each open set in T1(t2) such that x € U there exist an open set V in t1(tz) such that x €
V c 12(t1) - V U, where T2(T1) - V means the closure of V in t2(T1).

2.18. Example. Let X={a,b,c}, t1={ X,$,{b,c}}and 12 ={ X,9,{a}}. Then, we have t1 is
regular with respect to Tz .

2.19. Example. Let X={a,b}, 11={ X,d,{a}}and 12 ={ X,0,{b}}. Then, the bitopological
space ( X, t1, T2 ) is P-regular.

2.20. Theorem. Every subspace of P-regular space is P-regular.

2.21. Theorem. Let ( X, Tz, T2 ) be a P-regular space and P-T; space. Then, the space ( X,
T1, 12 ) 1s P-T> space.

Proof. Let x,y € X with x # y. Now since X is P-T1 space then there exists an open set U in
1 with x € U and y ¢ U. Also, being the space is P-regular implies that there exists an open
set Vintssuchthatxe Ve 12—V cU.

Then, VET1,Xx €V, VCE 12,y € VC and VN VC = ¢, thus ( X, 17, 12 ) is P2- space.
3. The main result.

3.1 Definition. An open set U in t1(t2) is said to have H-property if for each

x € U there exists an open set G in T (12) such that x € G and t2(t1) - Gc U .

3.2. Example. Take X = R and define the topologies, Tz and 12, on X as follows :
11 the cofinite topology and T2 the usual topology.

Then U=R — {0} is open in tzand has H-property .

If0<x e U,thenG= (x - g, x+ g) is an open set in T2 containing x with

similarly , if x <0, then G = (x - ;—C, x + g) 1s an open set in T2 containing x and

. x x
T2-G = [x — X +E] cU.
3.3. Definition. Let ( X, Tz, T2 ) be atopological space. The topology Tz (t2) has
H-property if every member of t: (t2) has H-property.

3.4. Example. Take X any non-empty set and define two topologies ,tz and T2 , on X as
follows: t1 any topology and T2 the discrete topology.
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Then t1 has H-property because every member of t: has H-property . If U is any open set
intzandx € U, then x € G = {x} is open in Tz with t2-G = {x}cU

3.5. Corollary. Let ( X, Tz, T2 ) be a bitopological space.
If one of the topologies is discrete, then other one has H-property.

3.6. Theorem. Let ( X, t1, T2 ) be a bitopological space and ( Y, T1y, T2y ) be a subspace of
(X, t1, 712 ). If T1(T2) has H-property, then so is t1y (t2y).

Proof. Let ( X, Tz, T2 ) be a bitopological space such that t: has H-property and YcX . We
must to show t1y has H-property. Let UcY be any open set in t1yand

x € Uy, then there exists an open set G in Tz such x € G and t7 has H-property then there
exists an open set V in T2 containing x such that 12-V <G. Clearly, x eVNY and 12-V N
YcGNY.

Now, x eVNY=W is open in T2y and T2y-W=12,-VNY c12-V N Y GNY=U.
Therefore, t1y has H-property.

3.7. Definition. A space ( X, Tz, T2 ) is said to have H-property if every open set Ue t1UT2
has H-property.

3.8. Theorem. Every subspace of a bitopological space which has H-property has H-
property.

Proof. It is obvious from the above theorem.

3.9. Theorem. Let ( X, Tz, T2 ) be a bitopological space which has H-property. If it is P-To
space, then ( X, t1, T2 ) is P-T> space.

Proof. Let x,y € X, x # y. because ( X, t1, T2 ) is P-To space ,so there exists an open set Ue
TiUT2 (say) Ue tzand x € U, y ¢ U. The space X has H-property and

x € U, so there exists an open set V in Tz such that x eVct2-V o U.
3.10. Lemma. Let ( X, Tz, T2 ) be a bitopological space which is P-regular and
T1 C T2 then every open set in t1 has H-property.

Proof. Let U be any open set in t7 and x € U. The bitopological space ( X, tz, T2 ) is P-
regular, so there exist an open set V in 1z that is V-open set in T2 such that

x eVct2-VU. Thus, U has H-property.

3.11. Theorem. Let ( X, T1, T2 ) be a bitopological space which has H-property and 12 < 11,
then 17 is regular with respect to tz.
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Proof. Let F be closed set in tz and x ¢ F, then F€ is open in t7 and x € F¢,
Now, since F¢ has H-property then there exists an open set G in Tz such that x € G
and 12- G  F€. Also, T2 < 11 implies that G is open set in 11, x € G, F  G¢ and

G N G = ¢, so we have G open set in T7 and G open setin Tz and x € G, F < G°¢

andGNG = ¢ because if y € GN EC, theny € G andy € G and this implies thaty ¢ G
and so y ¢ G which is a contradiction. Therefore, 11 is regular with respect to tz .

The topology T3 was introduced by Sunder lal from the bitopological space where T3 is the
coarsest topology finer than both t7and t2.0ne can easily see that if

(X, t1, 12 ) satisfies P-T; (i = 0,1,2), then ( X, t3) is T; (i = 0,1,2).

3.12. Theorem. Let ( X, t1, T2 ) be a bitopological space which is P-regular space and has
H-property. Then is ( X, t3) regular space.

Proof. Let U be any open set in T3 and x € U. We have three cases.

Casel. U is open set in T7 and since ( X, Tz, T2 ) is P-regular then there exists an open set V
in T7 such that x eVc t2-V < U. Because 11 < T3 and 12 < 13, the set V is open in T3 and 12
-V t3-V. Then we have V open set in Tz and x eV V and so ( X, T3 ) is regular space.

Case2. U is open set in 12 and since ( X, t1, T2 ) is P-regular then there exists an open set G
in 12 with x eGc t1- G < U. Because of the same argument as in casel, we have G open set
in T3 and x eGc G < U and so ( X, T3) is regular space.

Case3. Because ( X, Tz, T2 ) is both P-regular and has H-property, each member of T3 is the

arbitrary union of intersections between open sets of tz1 and of tz. Thus, U= KUL where K
€1, Letzand x € K or x € L or x belongs to both K and L. Without loss of generality, x €
K and since ( X, t1, T2 ) is P-regular, then there exists an open set M € t1 such that x eMc
2-McK.

Now, x eMctz-Mct3-M <K < K U L=U. Therefore, ( X, t3) is regular space.

REFERENCES

[1] Kelly. J. C: Bitopological space. Proc. London Math. Soc 3 (13)(1963) 71-89.

[2] Dvalishvili. B. P: Bitopological space. Theory relations with generalized
algebraic structures, and application, Elsevier B. V (2005)CA 92101-4495.

[3] Tallatha Abdallah, Al-Bssoul Adnan and Fora Ali, Countable Dense
Homogeneous Bitopological space. TUBITAK, Tr. J. of mathematics 23 (1999)
233-242.

[4] A. A. Ivanov, Bitopological space. Journal of Mathematical Sciences 98 (5)
(2000)509-616.

[5] A. A. Ivanov, Bitopological space. Journal of Mathematical Sciences 26 (1)
(1984)1622-1636.

(407)



ISSN: 2706-9087

Journal of Humanitarian and Applied ey Aoyl pglall A2
Sciences T i ’
Issue 13 — Volume 7 7 a1 =13 suall

[6] A. A. Ivanov, Bitopological on Bitopological spaces 2. Journal of Mathematical
Sciences 81 (2) (1996)2497-2505.

[7] A. A. Ivanov, Bitopological on Bitopological spaces 3. Journal of Mathematical
Sciences 91 (6) (1998)3365-3369.

[8] C. W. Patty, Bitopological spaces. Duke Math. J. 34 (1967)387-392.

[9] Khedr F. H, Operation on Bitopologies. Delta J. Sci 8 (1) (1984)309-320.

[10] Murdeshwar. M. G and Naimpally. S. A, R1-Topological spaces. Canad. Math.
Bull 9 (1966)521-523.

[11] Heyam. H. E. Seperation axioms in bitopological spaces, postgraduate
research, Tripoli 2003.

(408)



