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Abstract

In this paper we introduce new subclasses of starlike functions in the open unit disk by
using fractional derivative operator. We obtain coefficient inequalities and distortion theorems
for functions belonging to these subclasses. Further results include distortion theorems
(involving the generalized fractional derivative operator). The radii of convexity for functions
belonging to these subclasses are also studied.
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1- Introduction

Two interesting subclasses T*(a, 8,y) and C(a,B,y) of univalent starlike functions with
negative coefficients in the open unit disk U were introduced by Srivastava and Owa[10]. These
classes become the subclasses of the class K(a, ) which was introduced by Gupta [1] when the
function f(z) is univalent with negative coefficients. Using the results of Srivastava and
Owa[10], Srivastava and Owa[11] have obtained several distortion theorems involving fractional
derivatives and fractional integrals of functions belonging to the classes T"(a,f,y) and
C(a,B,y).

Fractional calculus operators have recently found interesting applications in the theory of
analytic functions (see e.g. [2, 4, 8, 9]). In the present paper, by making use of a certain
fractional derivative operator, we introduce new subclasses Ty, . (a,fB,y) and C,,(a,B,7y)
(defined below) of starlike functions with negative coefficients.

This paper is organized as follows: Section 2 gives preliminary details and definitions of
starlike functions, convex functions and fractional derivative operators. In Section 3 we describe
coefficient inequalities for the functions belonging to the subclasses T, un(@ B,y) and
Crun(@, B,y). Section 4 considers the distortion properties. Its further distortion properties
(involving the generalized fractional derivative operator) are discussed in section 5. Finally, in
section 6 we determine the radii of convexity for functions belonging to these subclasses of
starlike functions.

2- Preliminaries And Definitions

Let A denote the class of functions defined by
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f(2) =Z+Zan2" (2.1)
n=2

which are analytic in the open unit disk U = {z: |z| < 1}. Further, let S denote the class of all
functions in A which are univalent in U. Then a function f(z) belonging to the class S is said to
be starlike of order « if and only if (see, e.g. , [2,5])

zf'(z

Re{f()}>a, zZEU (2.2)
f(2)

for some a(0 < a < 1). We denote by S*(a) the class of all starlike functions of order a.A

function f(z) belonging to the class S is said to be convex of order a if and only if

zf"(2)

Re{1+ 0 }>a, z€EU (2.3)
for some (0 < a < 1). We denote by K(a@) the class of all convex functions of order a.Note
that f(z) € K(a) if and only ifzf'(z) € S*(a), and that,

S*(a) € §*(0) =57,
K(a) € K(0) =K,

and
K(a) cS*'(a) c S
for 0 < a < 1.The classes S*(a) and K () were first introduced by Robertson[5].
LetTdenote  the subclass ofSconsisting ~ of  functions of the  form

f(z)=z- z a,z"(a, = 0) (2.4)

n=2

We denote by T*(a) and C(a), respectively, the classes obtained by taking the intersections
ofS*(a) andK (a)with T, that is

T(a) =S*(a)NT
and

Cla)=K(a)NT
The classesT *(a)andC (a)were introduced by Silverman [6].
Let ,F4(a, b; c; z) be the Gauss hypergeometric function defined, for z € U by; (see[7]).

- (@) (D)

ZF]_(a, b’ (0 Z) = . (C)nn! (25)
n=
where (1),is the Pochhammer symbol defined, in terms of the Gamma function, by
) _F()L+n)_{1 ) n=0
") W@+ 1DA+2)...(A+n—-1), neN

for 1 #0,—-1,-2, ...

Now we recall the following definitions of fractional derivative operators, adopted for
working in classes of analytic functions in complex plane as follows see ([2,4]).
Definition 2.1. The fractional derivative of order A is defined by
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z
;i ﬂ dE (2_6)
rl-1dzJ), (z—-&68*
where 0 < A <1, f(z) is analytic function in a simply- connected region of the z-plane
containing the origin, and the multiplicity of (z — &)~ *is removed by requiring log (z — &) to be
real when z — & > 0.
Definition 2.2.Let 0<A<1, andun€R Then, in terms of the familiar Gauss’s

hypergeometric function >F;, the generalized fractional derivative operator ]61, ; M s

D} f(z) =

zAH

daun ey _ 4 ‘- Al mla1-t
lo,ﬁ"f(z)—dz<r(1_l)fo(z $) lf(s‘)zFl(u L1-m1-241 Z>d€>(2.7)

where [ (2z)is analytic function in a simply- connected region of the z-plane containing the
origin with the order f(z) = 0(|z|%), z — 0, wheree > max{0,u — n} — 1, and the multiplicity
of (z —&)~* is removed by requiring log (z — &) to be real when z — & > 0.

Notice that
]&?'nf(z) = D}f(2), 0<i<1 (2.8)

Now we define the following classes of starlike functions based on fractional derivative
operator.

Definition 2.3.7%e function f(z) € T is said to be in the class T/{,u,n (a,B,y) if
o)
— <y (z € U) (2.9)

AR @) +1-28

9(2)
A=z0,u<2;n>max([,u)—2;0<a<;0<p<1;,0<y<1)

for the function
9(2) =z—2bnzn(bn >0) (2.10)
n=2
belonging to T*(a). Dented by PO'Z’i £ (2) the modification of the fractional derivative operator
which is defined in terms of ](/}}t,n as follows:
FrZ-Wwr2-21+mn)

RO = Gy RO @

Further, if f(z) €T satisfies the condition (2.9) for g(z) € C(a),we say thatf(z) €
C/l,u,n ((X, ﬁ» ]/)-

The above-defined classes T;, . (a,B,v) and Cy,,(a, B,y) are of special interest and they
contain well-known classes of analytic functions. In particular, in view of (2.11), we find that

PO f(2) = f(2) (2.12)
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Thus, for A = u = 0, we have

T(>)k,0,r; (a) B' ]/) =T (CZ, ﬁ' )/)
and

CO,O,n (a) B' ]/) = C(a' ﬁ' )/)
where Tj, . (a,B,y) and C;,,(a B,y) are the subclasses of starlike functions which were
studied by Srivastava and Owa[10], andSrivastava and Owa[11].

In order to prove our results we shall need the following lemmas for the classes
T*(a)andC(a)due to Silverman [6]:
Lemma 2.4. Let the function g(z) defined by (2.10). Then g(z) is in the class T*(a) if and only

if
Z(n—a)bn <l-a (2.13)
n=2

Lemma 2.5. Let the function g(z) defined by (2.10). Then g(z) is in the class C(a) if and only if
z nn—a)b, <1l—-a«a (2.14)
n=2

We mention to the following known result which shall be used in the sequel (see Raina and
Srivastava[4]).
Lemma 2.6. Let A, u,n € R, such that A > 0 and k > max{0,u —n} —1 then
awn . T+DIk—p+n+1)

= k—u
0.2 F(k—u+1)1“(k—/1+n+1)z (2.15)

3- Coefficient Inequalities
Theorem 3.1. Let the function f(z) be defined by (2.4). If f (z)belongs to the class
T/{M,TI (a,B,7), then

C 1—a)(1—y+2
zjwmmu+ymn—( AL T B

n—a

where
. (Dn-1@ A —Wn
YO S G D ik G2

Proof. Applying Lemma 2.6, we have from (2.4) and (2.11) that

(2)n-12+1—Wn n
a,z
=2 (2 - .u)n—l(z + n-— /1)11—1

Sincef (z) € T;,,(a, B,v), there exist a function g(z)belonging to the class T*(a) such that

Au,
PO’Z”nf(Z) =z

[ 4]
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AR F@)) - 9(2)

= <y, z€U (3.3)
(RS F@) + (1 - 28)9(2)
It follows from (3.3) that
n)na, — b
{ Ln=2lp(Mna, — b,] 2" n—1} <y 3.4)
2(1 - .8) Z [l/)(n)nan + (1 - Z:B)bn] A
. . APM ) . _
Choosing values of z on the real axis so that @ s real, and letting z — 1~ through
real axis, we have

co

[ ()nan — bal < ¥ {2(1 = B) = ) pmna, + (1 - zmbn]}
n=2

. n=2
or, equivalently,

D mn(l +y)ay — (1 =y + 2vH)b,] < 2¢(1-p) (3:5)
n=2
Note that, by using Lemma 2.4, g(z) € T*(a) implies
l1—«a
b, < , n=2 (3.6)
n—a
Making use of (3.6) in (3.5), we complete the proof of Theorem 3.1. mi

Corollary 3.2.Let the function f(z) be defined by (2.4) be in the classT/{H'n (a,B,v). Then
0, < 2rA-pn-a)+ (A -a)d -y + 2)/[?),
Yn(1 +y)(n—a)
where Y(n)is given by (3.2). The result (3.7) is sharp for a function of the form:
_A-PHh-)+ A - -y +2vp) ,

n=?2 (3.7)

f(z) = OISR non>2 (3.8)
with respect to
l1-«a
g(Z)=Z—n_aZ”, n =2 (3.9)

Remark 1. Letting A =y =0, and @ = 0 in Corollary 3.2, we obtain a result was proved by
[Gupta [1], Theorem 3].

In a similar manner, Lemma 2.5 can be used to prove the following theorem:
Theorem 3.3. Let the functionf (z)be defined by (2.4) be in the class Cy (e, B,v). Then

(1-a)(1—y+2yp)
nn—a)

oo

Z lt/)(n)n(l +y)a, — <2y(1-p) (3.10)
n=2

where Y(n)is given by (3.2).
Corollary 3.4. Let the function f (z) be defined by (2.4) be in the class C; ., (a,B,v). Then
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2r(1=pmnn-—a)+ (1 -a)(A -y +2yp)
an < PR2A+ ) —a) , n=>2 (3.11)
where Y (n)is given by (3.2). The result (3.11) is sharp for a function of the form:
f2) =2 — 2y -pnn -+ A-0)A -y +2vp) ,
Ym)n?(1+y)(n—a) '
with respect to

n>2 (312

= 17a > 2 3.13
g(z)—z—mz, n = (3.13)

4- Distortion Properties

Next, we state and prove results concerning distortion properties of f(z) belonging to the

classes T/l*,u,n (a,B,y) and Cy 5 (a, B, 7).
Theorem 4.1. Let A, u,n € R such that

uw—3
/'120;,11<2;772)1(T> (4.1)
Also, let f (z) defined by (2.4) be in the class T):#,n (a,B,v)- Then
|f(Z)| 2 |Z| - Al,u,n(a; B; V)lzlz, (42)
If ()| < |zl + Ay (@ B, V)21, (4.3)

If' (@) = 1-24;,,(a,B,v)|zl, (44)
and
If' (@] < 1+ 24;,,(a B, y)|z|(4.5)
for z € U, providedthat 0 < a <1, 0< <1 and0 <y <1, where
Ay (@ Boy) = C-wWC+n-D2yQ -+ A -a)(1+V)}
A 42+n-wWA+VC2-a)

The estimates for|f(z)| and |f'(z)| are sharp.
Proof. We observe that the function (n) defined by (3.2) satisfy the inequalityy(n) <

Y(n+1), vn = 2, provided that n > 1 (HT_B)’ thereby, showing that y)(n) is non-decreasing.

Thus under the conditions stated in (4.1), we have

22+n—p)
0<(2—ll)(2+77—/1) =9(2) <yYn), vn > 2 4.7)

Forf(z) € T;,,(a B,y), (3.5) implies

(4.6)

2@A+7) Y an— (A =y +278) ) by < 2(1=p) (48)
For g(z) € T*(a) , Lemma 2.4 yire;ds .
i p <@ (4.9)
o "T2-a
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So that (4.8) reduces to

i“ _@-w@En-DRyd-p)+ 1 -1 +V))
" 42+n-wWA+yV2-a)

n=2
= A (@ ) (4.10)
Consequently,
@I l2l = 12 ) ay (4.11)
n=2
and
@Il + 122 ) ay (4.12)
n=2

On using (4.11), (4.12) and (4.10), we easily arrive at the desired results (4.2) and (4.3).
Furthermore, we note from (3.5) that

YRA+1) ) nan— 1=y +2rB) ) by <2v(1 =) (4.13)
n=2 n=2

which, in view of (4.9), becomes

i o 2-m@En - DRy =)+ (- )1 +Y))
" 22+n-wWA+y)2-a)

= ZAl,u,n( a, .8' )/) (4'14)

n=2

Thus, we have

@Iz 1-120 ) nay (4.15)
and "
If'(2)| < 1+ |z na, (4.16)

On using (4.15), (4.16) and (4.14), we arrive at the desired results (4.4) and (4.5).
Finally, we can prove that the estimates for|f(z)| and |f'(z)| are sharp by taking the
function

C-wC2+n-D2yA-pH+A -1+ Y)}Z2

=2 Q- WA @ @17
with respect to
l1-a ,
9@)=z-5—z (4.18)
This completes the proof of Theorem 4.1. o

()



Journal of Humanitarian, Scientific and Social Sciences
Elmergib University — Faculty of Arts and Sciences Kasr Khiar
4™ Yssue December 2017

Corollary 4.2. Let the function f(z) be defined by (2.4) be in the classTy, ,(a, B,v). Then the
unit disk ‘U is mapped onto a domain that contains the disk |w| < ry, where

C-wC+n-H2y1 -+ A -a)(1+Y)}
42+n-wWA+v2-a)
The result is sharp with the extremal function defined by (4.17).

rn=1-— (4.19)

Remark 2. Letting A =y =0, and @ = 0 in Theorem 4.1, we obtain a result was proved by
[Gupta [1], Theorem 4].

Theorem 4.3. Under the conditions stated in (4.1), let the function f (z) defined by (2.4)be in the
class Cyun(a,B,y). Then

If (D] = |z| = By yp(a, B,Y)zI%, (4.20)
If (D] < Izl + Byyp(a, B, V)zI%, (4.21)
If' (D = 1=2B)uy(a,B,y)lz, (4.22)

and
If' @D < 1+ (+ 1DByu,(a B,v)z[(4.23)
for z € U, provided that0 < a <1, 0 < <1land0 <y <1, where
Q-wWC+n—-D4yA-pHR-a)+ (A —-a)(1 -y +2yp)}

B a,f,y) = 4.24
2 (@ 6.7 8 +n- WA+ - @2
The estimates for|f(z)| and |f'(2)| are sharp.
Proof. By using Lemma 2.5, we have
< :
zb"_Z(Z—a) (4.25)

since g(z) € C(a), the assertions (4.20), (4.21), (4.22) and (4.23) of Theorem 4.3 follow if we
apply (4.25) to (3.5).The estimates for|f(z)| and |f'(z)| are attained by the function

C-wC+n DO -fC-a)+(A-a)d-y+ ZYB)}

z) = 4.26
1 B2+ - WA+ NZ - ) (326
with respect to
l1-a
-y 52 4.2
90 =2 55— (4.27)
This completes the proof of Theorem 4.3. o

Corollary 4.4. Let the function f(z) be defined by (2.4) be in the classCy ,n(a, B,v). Then the
unit diskUis mapped onto a domain that contains the disk|w| < 1y, where

C-W2+n-HD4y(Q-p)2-a)+ (1 -a)(1 -y +2yp)}
82+n—-wA+v)(2—-a)
The result is sharp with the extremal function defined by (4.26).

(4.28)

T'2=1—

5- Further Distortion Properties
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We next prove two further distortion theorems involving generalized fractional derivative
operator ](/)1, P
Theorem 5.1.Let A = 0; u < 2; n > max(A, u) — 2. Also let the function f(z) be defined by
(2.4) be in the classTy , (@, B,v). Then

A Fr2Z+n—p) _ 2y(1-p)+ (1 —a)(1+Y)

Vot f(2)] = ra—orain " “{1 — eIV |z|} (5.1)
and

A rZ+n—-mp _ 2y(1-p+ A -a)(1+Y)

|]°;nf(z)| = I —-wre +n—/1)|Z|1 u{1+ 1+v2-a) lzl} (>2)

for z € U. The results (5.1) and (5.2) are sharp.
Proof. Consider the function PO];” £ (z) defined by (2.11). With the aid of (4.7) and (4.14) we
find that

[ee)

B @)] 2 12l - p@)1zP ) na

n=2
2y(1-F)+ (1 -a)(1+Yy)
2 aame 6
and
B @)] < 12 + @)1z ) nay
n=2
2y(1-B)+ (1 —a)(1+Y)
sl —aThasy (5.4)

which yields the inequality (5.1) and (5.2) of Theorem 5.1.
Finally, by taking the function f(z) defined by
r@+n—w _ 2rA-p+A-a)d+y)
Aun = 1-plq —
Jo2 I =t =t n-n” {1 ane-ao
The results (5.1) and (5.2) are easily seen to be sharp. o
Corollary 5.2. Let the function f(z) defined by (2.4) be in the class Ty, ,(a,B,y). Then

](/)1, 5 M £(2) is included in a disk with its centre at the origin and radius 15 given by

R Chl Rt D) 1+2V(1—ﬁ)+(1—a)(1+\/)
TTR-wr@+n-2 1+72-a)

(5.5)

(5.6)

Similarly we can establish the following result:

Theorem 5.3.Let 1 = 0; u < 2;n > max(A,u) — 2, and let the function f(z) be defined by

(2.4) be in the classCy n(a, B, V). Then
F@+n—-w

Au, 1-
Voz"f O 2 v stz —n “{1

2y -p)(2 —a)+(1—a)(1—y+2vB)|Z|} G.7)

1+v2-a)
and

[ )
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F@+n—w -

Aun 1

Vo @] = 55 = rz T g —n u{”
forz € U. The results (5.7) and (5.8) are sharp.

Corollary 5.4. Let the function f(z) defined by (2.4) be in the class Cy,,(a,B,y). Then

](/)1, ; £ (2)is included in a disk with its centre at the origin and radius 1, given by

. r2+n-w 1+2V(1—B)(2—a)+(1—a)(1—y+2v8)}
TTT@-wr+n-21 1+ -a)

2y(1- )2 —a) + (1 — @)1 —y + 2yB) |Z|} (5.8)

1+y)2-a)

(5.9

Remark 3. Letting © = A and using the relationship (2.9) in Theorem 5.1, Corollary 5.2,
Theorem 5.3, and Corollary 5.4, we obtain the results which were proved by [Srivastava and
Owa [11], Theorem 5, Corollary 3, Theorem 6, and Corollary 4, respectively].

6- Convexity Of Functions

In view of Lemma 2.4, we know that the function f(z) defined by (2.4) is starlike in the unit
disk U if and only if

Z na, <1 (6.1)
n=2
for f(z) € T,{M (a,B,y), we find from (3.5) and (4.9) that
> ey <245, @pp) <1 62)
n=2

where 4; ,, (@, B,7) is defined by (4.6). Furthermore, for f(z) € Cy ,(a,B,y), we have

[0e]

Z nan S ZB,L#'-”((X, ﬁl V) S 1 (63)

n=2
where B) , (@, B,v) is defined by (4.24). Thus we observe that T}, (@, 8,v) and Gy, (@, B,7)
are subclasses of starlike functions. Naturally, therefore, we are interested in finding the radii of
convexity for functions in T un(@ B,y) and Gy n (@, B,v). We first state:

Theorem 6.1. Let the functionf (z)defined by (2.4) be in the class Ty, ,(a, B,v). Then f(z)is

convex in the disk |z| < rs, where

1 Y (n-1)
= inf,; 6.4
r5 n n=2 {zn Al‘#’n (a’ ﬁ, _y)} ( )
and Ay, n(a, B,y) is given by (4.6). The result is sharp.
Proof. It suffices to prove
zf"(2)
g1, < (6.5)
f'(@) ?

Indeed we have

[ =)
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zf"(2)| |- Zrean(n — Dayz™ ™t
') | 1-Yr na,z"1
©nn—1)a,|z|"?
_Zn—z (OO ) nl |_ (66)
1 =Y, naylz[*1
Hence (6.5) is true if
Z nn—1Da,lz"1<1- Z na,|z|™ ! (6.7)
n=2 n=2
that is, if
z n?a,|z|"t <1 (6.8)
n=2
with the aid of (4.14), (6.8) is true if
n|z|*1 n>=2 (6.9)

< ) =
ZAl,u,n (CZ, Bi y)
Solving (6.9) for |z|, we get

1 Yn-1)
Iz| < { } . n=2 (6.10)
2n Ay (o, B,y)

Finally, since n Y- is an increasing function for integers n = 2 , we have (6.5) for
|z| < 15, where 1y is given by (6.4).
In order to complete the proof of Theorem 6.1, we note that the result is sharp for the
function f(z) € T;,,(a, B,y) of the form

_ ZA/LMJ) (C(, ﬁ' V) 4N
n

f@)=z , n=2 (6.11)

O
Similarly, we can prove the next theorem.
Theorem 6.2. Let the functionf (z)defined by (2.4) be in the class Cy,n(a, B,v). Then f(z)is

convex in the disk |z| < rg, where

1/
1 (n—-1)
} (6.12)

= inf,
r6 m n=2 {Zn B/LHJI (a’ ﬁ, y)

and By, n(a, B,v) is given by (4.24). The result is sharp for the function f(z) € Cy  n(a,f,v)
of the form

_ ZBl,u,n (a' ,8' ]/) 4N
n

fz2)=z , n=2 (6.13)

7- Conclusion

We have studied new classes T, ,(a,B,y) and C; ,,(a,B,y) of univalent functions with
negative coefficients defined by a certain fractional derivative operator in the unit disk U. We
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obtained the sufficient conditions for the function f(z) to be in T;,,(a,pB,y) and
Caun (@, B,v).In addition, we derived a number of distortion theorems of functions belonging to
these classes as well as distortion theorems for a certain fractional derivative operator of
functions in theclasses. Also, we have determined the radii of convexity for functions belonging
to these classes.

Some of the known results follow as particular cases from our results; see for example, Gupta
[1]; Srivastava and Owa[10] and Srivastava and Owa [11].
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