(2020 - 472 23 Bolg 3 yall ;8L Jalas) - (ISSN: 2706 — 9087) - (2020/95 - Joxall ¢1usYl o)
byl dnalr — 5LV b pglally LIS 40
Volume 8 — Issue 16 16 sda)l — 8 ul=ea]l

Coefficient Inequality and Coefficient Bounds for a New
Subclass of Bazilevic Functions

Journal of Humanitarian and Applied Sciences — duiulailly A6LuSYI pglall dxe g

Nagat Muftah Alabbar!,Maslina Darus?and Aisha Ahmed Amer?3

1 Mathmatics Department, Faculty of Education of Benghazi, University of Benghazi
2School of Mathematical Sciences, Faculty of Science and Technology Universiti Kebangsaan Malaysia
3 Mathmatics Department, Faculty of Science -Al-Khomus, Al-Margib University
Corresponding Email: nagatalabar75@gmail.com

Received: 09/09/2023 | Accepted:27/09/2023
: ok
o2 3 8o BlYlg aldowd) Jlg) e B 35 8y ¢ pandlil J1g> e Bl Reane B b 35 @in Lad (o) s (3
il gk Sl e el e Wady e i) dd) odd Sagustl ekl g bl Ayliae Gl 2o &L gaall Sl

Abstract

In this paper, the researcher introduced a new generalized subclass of Bazilevic
functions, which are a particular class of analytic and one to one functions defined in the open
unit disc. Then a study coefficient inequality and coefficient bounds for this subclass was
performed. As a result, several dervations for previous authers was obtained.

Keywords: Analyticfunctions,Bazilevic funcions, coefficient inequality, coefficient bounds,
Generalization derivative operator.

Introduction

The Bazilevic function is a type of univalent function, which is an analytic and one-to-
onefunction in the unit disc. It plays an essential role in the field of complex analysis. A subclass
of Bazilevic functions would refer to a particular set of these functions that share certain additional
properties or characteristics. These subclasses can be defined based on various criteria, such as the
behavior of the function in certain regions, the values of their coefficients, or their relationship to
other classes of functions. For the importance of the class Bazilevic Functions , many authors
studied these types of the subclass of Bazilevic functions. For instance, (Kim,2009) investigated
the growth theorem of Bazilevic functions of type (o, ), also (Oladipo & Olatunji, 2010) studied
some of the properties of certain subclass of Bazilevic function defined by Catas operater.as well
as, (Arif. et al, 2011) introduced the new class of strongly Bazilevic functions by using a
generalized Robertson function and give some interesting properties of this class. In addition,
(Amer&Dures,2012) studied distortion theorem for class of Bazilevic Functions. Furthermore,
(Amer. et al, 2018) defined a subclass of uniformly Bazilevic Functions using new generalized
derivative operator. Recently (Breaz.et al., 2022) introduced a new class of Bazilevic functions
involving the Srivastava-Tomovski generalization of the Mittag-Leffler function and they obtained
coefficient estimates,subordination conditions for starlikeness and Fekete—Szeg6 functional.
Despite, the amount of previous researches that focused on this type of functions. On the other
hand, there are still a lot of interest about propriety of Bazilevic functions, that lead us as authors
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for this paper to study coefficient inequality and cofficient bound for the new subclass of Bazilevic
functions which is defined by a generalized derivative operator D%%(m, g, 1).

Let U={z €C:|z |<1}, be the unit disc in the complex plane, and let A be the class of

functions which are anaylyticand normalized by the conditionf'(0) = 0, f'(0) = 1in U .It has
a Taylor series representation

f(Z) =z+ ZI%O:Z a’kaJ (Z € U)l (1)
The class P consists of all functions of the form
p(2)=1+ciz+cz%++czF =1+ Z cz®, (z€U),
k=1

that are analytic in U such that p(0) = 1 and R{p(2)} > 0,_z € U.A function f in P is called a
function with positive real part in U.

1. Preliminaries
The authors in [1,2] introduced a generalization derivative operator D*%(m, g, 1), as the
following:

D“0(m,q.A)=2 + 3k (L~ A)e(5 ka2, @
k=2 1+q
Where k’é"QENO ={011’2}1m EZ, /,i,q ZO, and C(é‘,k):%
k-1

Using the operator above we give the definition of a more larger and generalized subclass of
Bazilevic functions as follows:

Definition 1.2 Let T “°(m,q, 4, B,7) denote the subclass of A consisting of functions f
which satisfy the inequality

D*’(m,q, A)f #(z)
>;/,
(1+ﬂ(ﬂ_1)+q)mzﬂ
1+q
where 4,>0,>0 (f is real) and ¢,0 e N, meZ,0<y <1.

R

Base on Definition 1.2 above, we have the following remark to make.
Remark
1) For a=6=0,0=0 and m € N,, we have

0,0 B mg B

. D™ (m,0,A)f 7(z) >y =% Df7(z) >y,
A+ A(B-1)"z” Q+A(B-1)"z”

where D" is the Al-Oboudi derivative operator.While this class is studied in [3].
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2) Fora=6=0,0=0,4=1and meN,, we have

D% (m,0,1)f ?(z D"f /(z
g W b

where D " is the Sd |4 gean derivative operator. While this class is studied in [3].

3) For #=La=6=0,y=0m=0

we have

ER{DOVO(O’q’ﬂ)f (Z)} > Ozi}{{ﬂ}> 0,

z z

which is the class of functions studied in [4].

For the purpose of simplicity and clarity we wish to state the following function,
from (1) we can write that.

(f (z))ﬂ=(z +ki;2akzk]ﬂ.

Using binomial expansion we have

(f (@) =2+ 22" 6)

where the coefficients a, shall depend so much on the parameter £.
Applyingeq (3) in derivative operator (2), we obtain

D% (m,q, 2) f#(2) = [“ q Zf;ﬂ_l)j o

> o[ 1+q+A[f+k-2]
k
x|

j c(s,k)a (B2
1+q

In order to derive our main results, we have to recall here the following lemma:

Lemma 1.3[8] A functionp € P satisfiesR{p(2)} > 0,(z €U) if and only if

Y-1
P(@) # Grp (ZEUIYI=1)

2 Coefficient inequality for functions in the subclass T “?(m,q, 4, 8,7)

We intend to derive the following theroem for the purpose of our next result.
Theorem2.1A function f € A is in the class T “°(m,q, A, B, %) if and only if

where

498

1+ Az =0,
k=2

N E2" k“(“q +A[B+k -2]

e (B cemm
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D*’(m,q,A)f “(z) _
1+ A(B-1)+q.n
( (ﬁ_q) q) Zﬂ
z)= :
p(2) =
for f (z)eT “°(m,q, A, B,7) we obtain that p(z) e P, and R{p(2)} > 0,z € U.
Using Lemma 1.3, we have that

D*’(m,q,A)f “(z) _
(1+/1(,3—1)+q)mz 5

149 LY Geuy, for oal |plel
1-y v+1

Then,

(w+1){D“v‘>‘(m,q,z)f ﬁ(z)—y(l”(l’i;”*q)mzﬁ}¢(w—l)(l—y)(l”“(ﬁ;l“q)mzﬂ,

which readily yields

(v +1)D*’(m,q, A)f ﬂ(z)+(1—27/+lp)(1+/1(1ﬂ_:ql)+q)mzﬂ 20,

Thus we find that

(l//Jrl)(lJrq Jlrféﬂ_l)j zﬁ+(w+1)ik“(1+q+iaﬁq+k_2]) c(5,k)a, (B)z #*+

(1—27—1//)(1+/1(1’B+;1)+q )"z” %0,

that is

(v +1) 3K (“q tAf ‘le c(6,k)a, (B2 4201~ N LD )z 0 40,4
k=2 1+q 1+q

Dividing the both sides of (4) by 2(1—)(- Mf “D+8yn s
+q

& (v +1) a(1+Cl+/1[ﬂ+k—2]]m

1+ k c(o,k)a (B)z" =0,
Zzza—y) 1+ A(f-1)+q k

which completes the proof .
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Setting g =1,m =n,a =6 =0 in Theorem2.1, we get result in[6].
Corollary2.2 A function f (z) €A is in the class T*°(n,1, A, B,y) = TP (1,4, v) if and only if

1+ YAz =0,
k=2

where

w+1 [1+/1[ﬂ+k —2]+1

“ 20— 1+ A(B-1)+] ] a.(h)

Setting,q =0,m=y=a=06=0,8=1 in Theorem 2.1, we get result in[5].

Corollary 2.3 A function f (z) €A isinthe class T%°(0,0,4,0,1) = T(a)
if and only if

o0

where
+1
= e a,.
2(1- )

Theorem 2.4 If f (z) € A satisfies the following condition:

o | k t H 4
D2 2T A AB+ T ~2)+a)e (S, 1) (B)| t— ||| k -t

k=2[t=1] j=1

<(A-ynA+A(8-1)+q),
Where 4, >0,4>0 (£ is real) and «,6eN,,meZ,0<y <1
v,ueR andthen f (z)eT “°(m,q, 4, B, 7).
Proof:
First of all, we note that (1-z)“ #0, (1+z)" #0v,ueR,z €U.
Thus to prove

1+ Y Az " =0,
k=2
Hence, if the following inequality
1+ YAz H(A-2)"(1+2)" =0, (5)
n=2

holds true, then we have

1+ Az =0,
k=2
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It is easily seen that (5) is equivalent to

(1+iAkz"1](2(—1)%'(2“](2%2 quso, (6)

where, for convenience,
y7;

|4
b, =|k [andc, =|k |
Considering the Cauchy product of the first two factors, (6) can be rewritten as follows:

[1+inz“j(ickzkj¢O, (6)

where
B M
B, =D (-1 TA | k—j|z".
k =0

Furthermore, by applying the same method for the Cauchy product in (6), we find that

v
1+ iBt k-t ||z""=0,

k=2 t=1
or, equivalently, that
00 k t ,Ll v
DD DT A= ||| k-t ||z =0.
k=2| t=1]| j=1

Thus, if f (z) € A satisfies the following inequality:
t H v

SIS Sy ia - || k-t | <t

k=2[t=1] j=1

Then

m H 14
8| gy WD (g ALB+ [ 2] o~ ’
;; JZ;( g 2(1-7) ( 1+q + A(B-1) j c(6,1)|t=1J |a(p) || k-t <1,

that is, if
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1 o kot tJ-a i |
2(1-9)(1+q + (B - 1));|;(;( ) (1+q+A[B+j-2])"c(, )
H v
t—J [(w+1)a(B) k-t ||

1
2 q+ A1)

o kot y2 1%
S IYOU-DT (1 q+ AB+ §-20)" (S, )|t |a;()] k-t

k=2 t=1 j=1

1
T2 At q+ A(B-1)

7 1%
[IV/IIZ(Z( DI (+q+ B+ -20)"c(8 )| t-] |, (B)| k-t |||<1

t=1 j=1

) k t

(1 7)(1+q +A(f~ 1));;';(;( D (L+q+ LB+ —2])"c(5,])

U 1%
t—j |a;(B)| k-t |1,

Then f (z) T “°(m,q, 4, B, 7). This completes the proof of Theorem 2.4.

Setting g =1,m =n,a = 6 =0theorem 2.4, we get result in [6].
Corollary 2.1 If f (z) € A satisfies the following condition:
0 k t /J v
Z DI DT A+ AB+j -2+t =] |a;(B) || k —t

k=2| t=1] j=t1

<(1-1)A+A(B-1)+]),
then f (z)eT.*(1, 4, B).
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Setting g =0,m=y=a=06=0, =1Theorem 2.4,we get result in [5].
Corollary 2.2 If f (z) € A satisfies the following condition:
k H v

i > i(—l)"j t—jla || k-t

k=2| t=1] j=1

<(1-7),
then f (z2) €T ().

3 Coefficient bounds for functions in the subclass T “’(m,q, 4, 5,7)

In this section, we consider the coefficient bound for functions f T “°(m,q, 4, 5,%),
and all the parameters remain as initially defined.

Theorem 3.1 If T “°(m,q, 4, 5,7), then
2(1-y)

la, | ———=,
T By

20-7) 2AB-DA-7" ¢ gcpe
Bl (B |
la, [<
2(1-y) i >1
By | /=
21-y) _4B-DU-p) 4B-1*A-p)’ it 0<p<1
Bl (BT By |
< 2(1—5)_4(ﬂ—1)32(1m—7)3_4(ﬁ—1)(ﬁ;23)r§1—7)3 it 1<p<2,
2(1-y) AB-)(B-2)1-y) if  2<p<o
fyT 3BY v |
where
n o 1+q+ A8 " «
" _(uq +/1(ﬂ—1)j e
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and

o _[1+q+A(B+1) mk“c(&k)
2 1+q+A(B-1) o

Proof: Note that, for f T “°(m,q,4,5,7%)

D*’(m,q,A)f #(z)
EICEIEII &
1+q

R z eU.

(

If we defined the function P (z) by
D*(m,q, A)f “(z) _

1+ A(B-1) +1 Yz ?
1+q

1-y

(

=1+c,(z)+c,(z)+--.

Then p(z) isanalytic in U with p(0)=1 and Rp(z) >0, z € U. For the clarity we let
. B
(f (z ))ﬂ =zﬁ(1+2ﬂj (az +a222+...)"} : 7)
j=1

where for convenience in the above we let

B
ﬂj = J j:1,2,3...1 (8)
hence from (7) and (8) we have
_ 1 14q+48 ) . 1 BB-1)
p(Z)—1+1_y(ﬂa2)(1+qM(ﬂ_l)j e Th

(1+q + (B +1)

(B-D(p-2)23, -
1+g+A(F-1) 3!

J K03 K)2 "+ (B, - (S -V +
-y

[i—i-q +ﬂ(,3+2)J kaC(5,k)Z4+“'- %)
+q+A(8-1)

On comparing coefficients in (9) and using the fact that the |c, [<2,k <1,

the results follow and the proof is complete.
setting A =1, «,6 =0 and q =0 in the Theorem3.1, we get the result in [6].

Corollary 3.2 If T*°(m,0,1,7) =T 7(»), then
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|a2 |S M’
1+ p)
20-np"" 2Ap-DA-y)'F" o s pe1
(B+2)" 1+ 5)™" ’
la; [<
20-9)p"" it p>L
(B+2)"
21-p)"" _AB-DF" A=y AB-1)° (1) if 0<pg<1
(B+2)" (B+)"(B+2)" 1+ )’ ’
la, | ) 2N AP Ay AB-AB-DETA) g
4 1= (ﬂ+2)m (1+ﬁ)3m 3(ﬂ+1)3m = ’
2(1-7)""  4B-1)(B-2)p3m —3(1-y)’ it 2<p<om
(B+2)" 3(B+1)™" o

4. Conclusion
Finaly, in this study the researchers showed and proved some propiereties for a new

subclass of Bazilevic functions defined by a generalized derivative operator D%%(m, q, 1)..
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