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Abstract
In this paper , the Elzaki transform is compared with Aboodh transform to solve
some systems of linear Volterra integral equations.

Keywords: Elzaki transform;Aboodh transform ; systems of Linear Volterra integral
equations.
Introduction

Integral transforms play an important role in many fields of science. In literature,
integral transforms are widely used in mathematical physics, optics, engineering
mathematics and, few others. Among these transforms which were extensively used and
applied on theory and applications are: Laplace transform , Fourier , Mellin, Hankel ,
Mahgoub , Elzaki , Aboodh and Sumudu.

The Laplace transform has been effectively used to solve linear and non-linear
ordinary and partial differential equations and integral equations [15] and 1is used
extensively in electrical engineering. The Laplace transform reduces a linear differential
equation to an algebraic equation, which can be solved by rules of algebra. The original
differential equation can then be solved by applying the inverse Laplace transform.
Tarig M. Elzaki and Salih M. Elzaki in 2011, showed the modified of Sumudu
transform [6-13] or Elzaki transform was applied to partial differential equations,
ordinary differential equations, system of ordinary and partial differential equations and
integral equations. Elzaki transform is a powerful tool for solving some differential
equations which cannot be solved by Sumudu transform.

Aboodh Transform [1-5,14] was introduced by Khalid Aboodh in 2013, to facilitate the
process of solving ordinary and partial differential equations in the time domain. This
transformation has deeper connection with the Laplace and Elzaki Transform.

(337)


mailto:meattaweel@elmergib.edu.ly

ISSN: 2706-9087

ISSUE e ) sdatl
apinbilly axlmilll gal=!l 4150 N\

| Gournalof Samanitarian and Applied Siences 9
DESEMBER 2019 — O —— 20_.

The main objective in this article is to introduce a comparative study to solve some
systems of linear Volterra integral equations by using Elzaki transform and Aboodh
transform.

Definitions and Standard Results

1. Elzaki Transform
The Elzaki transform is a newly introduced integral transform similar to Laplace

transform and other integral transform that are defined in the time domain # >0 , and
for functions in the set B defined by:

"
B= {f|EIM,kl,k2 >0 such that|f(t)| < M e" ,if t e (~1)’ %[0, oo)} (1)

For a given function in the set B , the constant M must be finite number ;
k,,k, may be finite or infinite.

Then, the Elzaki transform denoted by the operator E[ f(¢)]=T(u) for function

of exponential order and belonging to set B is defined by one of the following

equivalent integral forms:
t

T(u)=ELf () =uf e* £ (¢)dtu e (k. k)

T(u)=ELf (0] =’ [ fut)e dt, k. k, >0

1.1 Some Properties of Elzaki Transform
1.1.1 Linearity Property of Elzaki Transform

VIf E[ﬁ(t)]le(u) and E[fz(t)]sz(u) then
E[a fl(t)+bf2(t)]=aE[fl(t)]+bE[f2(t)]=aT,(u)+b T, (u) (3)

Where a,b arbitrary constants

2)

1.1.2 Convolution of Two Functions
Convolution of two functions f(¢) , A(t) is denoted by f(¢)* h(¢) and it is defined

by

F@y*h(0) = hy* £©)= [ (e == [ hx) £ =) @
If E[ £ ()] = T(u) , E[h(£)] =W (i) then
E[f(t)*h(t)]=5E[f(t)]E[h(t)]=5T(u)W(u) )

1.1.3 Elzaki Transforms of the derivatives

If E[f(¢)]=T(u) then
L L) = iT(“) —u f(0) ©
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2 E[f"(r)]=§T(u)—f(0)—uf'(0) -
v B @)= T~ 3 0) ®

1.1.4 Multiple Shift Property
If E[f(#)]=T(u) then

L Bl fO1=1 LT @)~ uT(w) "
du

(10)

2

. E[3f(0)]=u® j—;[T(u)] +3u’ ;;2

T(u) 11

o BT <T@ - f O -u - 0]

12)
s. E[t° f'(1)]= 452[ T(u)—u f(O)} (13)
6. Eltf"®]=

. [@—fm) f’(O)}— - ) -u o a4
. E[f f'(0)]= 4;:{ T(u)-f(0)— Uf(O)} 1s)
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1.2 Elzaki Transform of Some Elementary Function
S.N. Q) E[f(1)]
1. 1 u’
2. t u’
3. t".n>0 nlu™?
2
4 eat u
l1—au
t u3
5 te
(1 + au)
. au
6 sinat
l+au
uZ
7. cosat
l+au
3
) au
8. sinh at —
l—au
2
au
9. coshat )
l-a’u
MZ
10. J,(t
0( ) «fl +u’

NB. In the previous table a is a constant
2. Aboodh Transform
Aboodh transform is a new integral transform defined for function of exponential order
.Consider functions in the set A , defined by:

={f(t):3M k,k, > 0,| f ()| < Me™} by <v<k, (16)

For a given function in the set 4, M must be a finite number, k,,k, may be finite or
infinite. Aboodh transform which is defined by the integral equation

A fO]=K(») :%j:f(t)e_” dt,t >0,k <v<k, (17)

2.1 Some Properties of Aboodh Transform
2.1.1 Linearity Property of Aboodh Transform

I A[f t]zKl(v) and A[f2 t]sz(v) then
Ala f,(t)+b f,(t)|=aA[ £,(t)|+bA] £,(¢) |=aK, (v)+b K, (v) (18)
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Convolution of two functions f(¢) , A(t) is denoted by f(¢)* h(¢) and it is defined

by
SO *h@O)=h@)* f(0) = [, f()h(t = x)dx = [ () f(t-x)dx  (19)
If A[f(®)]=K), A[h(t)]=L(v) then
ALf (@) * h(@®)]=v ALf ()] ALh(#)] =vK(v) L(v) (20)
2.1.3 Aboodh Transform of the Derivatives
If Al f(¢#)]=T(v) then
1. A[f ®]=vKW)- f(O) (21)
2 AL OV KO- (0~ )
3 AL O)=V"K) - Zf ik),,ff? @3
2.1.4 Multiple Shift Property
If Al f(¢)]=K(v) then
Al f@) == S KO- KO)
v 1%
(24)
2 Al S O1=- S KW - L0 —%[vK(v) —&} e3)
s Al ()] = { £ /O f(O)} [K ©_r9O f(O)} 26)
o AP 0]=v d’ K(v) dK(v) _2 f(O) o
dv v
5. A[Pr0]- 2d K(v) L AL o8)
v
2.1.5 Aboodh Transform of Some Elementary Functlons
S.N. 0 Q)
. 1 %
v
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2. t ?
. n!
3. t",n=0 -
. 1
4. e’ >
V. —av
) 1
5. te—a _—
v(v + a)2
6 inat 2
. sina VRN
v(v’ +a’)
7 cosat !
. a —
OV +a)
3 inh ar ?
. sinha 5 an
v(vV’ —a?)
9 hat !
. cosna
(0’ —a)
1
10. J, (¢ 7N
o) v (1 + vz)
NB. In the previous table a is a constant
Applications
Example 1. Solve the system of Volterra integral equations
t
f()=2—e"+ J[(l‘ —x) f(x)+( —x)g(x)}dx
| ° (29)

Solution:

E[g]l+u’]

.

E[fI1-u’]-u’ E[g]=

g(t)=2t—¢€" +2e" + j[(z‘ —x) f(x)—(t- x)g(x)]dx

1. Taking Elzaki transform of both sides of each equation in (29) gives

_uz+2u3
1+u
23 98

1—u’

—u’ E[f]="

(342)
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Solving this system of equations for E[ f], E[g] gives

2
E[f]=1-
2 (31)
Elg]=—
L 1+u

By taking the inverse Elzaki transform of both sides of each equation in (31) , the exact
solutions are given by

(f(@),2(0))=(¢,¢”) (32)
2. Taking Aboodh transform of both sides of each equation in (29)
gives
2+v
A1V -1]-Alg]=
I+v 33)
—2—v*+v’
A 1+ -4 f]l=———
g1+ v*] - AL/ 1==
Solving this system of equations for A[ ], A[g] gives
1
Al f1=—
Vi —v
1 (34)
Aig]=
Ve 4y

By taking the inverse Aboodh transform of both sides of each equation in (34) , the
exact solutions are given by

(f().g0)=(ee") (35)

Example 2. Solve the system of Volterra integral equations

%t2+ I t x— 1 f(x)+(t—x+1 g(x)]dx
] 0 (36)

3, 0

—t ——t + t—x+1 X)+(t—x— 1 x) |dx

E j [( ).f () +( )g(x)]
Solutlon

1. Taking Elzaki transform of both sides of each equation in (36) gives
w4+ 3u + 20 =[u—1]E[f]+[u+1]E[g]
30’ —ut + 20 =[u+1]E[f]+[u—-1]E[g]
Solving this system of equations for E[ f], E[g] gives

(37)
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E[f]=u’+u’
E[g]=u’ +2u* (38)

By taking the inverse Elzaki transform of both sides of each equation in (38) , the exact
solutions are given by

(f@),g0)=(1+1,1+7) (39)
2. Taking Aboodh transform of both sides of each equation in (36)
gives
2+43v+0° =(v4 —\15)A[f]+(v4 +v5)A[g]
(40)
2-v+3v' =(v' 47 ) A 1+ (v ') Alg]
Solving this system of equations for A[ ], A[g] gives
I 1
Afl==5+—
LAY
1 2 (41)
Algl=—=+—
v

\

By taking the inverse Aboodh transform of both sides of each equation in (41) , the
exact solutions are given by

(f(t),g(t))= (1 +t,1+t2) (42)

Example 3. Solve the system of Volterra integral equations

f()=t _Et ——z +j[ (t—x)g(x)+(t —x)h(x)]dx

g(t) =1 —éﬁ —2—Ot5 + ![(r —x) f(x)+(t - x)h(x) ] dx (43)

h(?) =%r3 —%f‘ +# [[(t=x) £+ (t = x) g(x) |

Solution:
1. Taking Elzaki transform of both sides of each equation in (43) gives

E[f1=u’ —2u® —6u’ +u” E[g]+u’E[h]
Elg]=2u*—u’ —6u’ +u’E[ f]+u’E[h] (44)
E[h]=5u" = 2u® +u’E[ f]+u’E[g]

Solving this system of equations for E[ /], E[g], E[A] gives
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E[f]1=v’
E[g]=2u" (45)
E[h]=6u’

By taking the inverse Elzaki transform of both sides of each equation in (45) , the exact
solutions are given by

(S, 2, h(0)=(1,1*,1) (46)

2. Taking Aboodh transform of both sides of each equation in (43) gives
VA 1=V —2v—6+Vv A[g]+V A[h]
Vv A[g]=2v =V =6+ VAl f]+V A[h] (47)
VAR =5v = 2v+ vV AL f1+V A[g]
Solving this system of equations for A[ ], A[g], A[h] gives

AU?—&-

2
A[g] = V_4 (48)
AM%;%

By taking the inverse Aboodh transform of both sides of each equation in (48) , the
exact solutions are given by

(f(©).g@).h(®)=(t.0°.1") (49)

Example 4. Solve the system of Volterra integral equations

—2+2cosht = j[f(x) —g(x)]dx

N

—1+t+%l‘2 +é :j;[(t—x+1)g(x)—(t—x—1)h(x)}dx (50)

t+%t2 +te' = j;[(t—x)h(x)+(t—x+1)f(x)]dx

Solution:
3. Taking Elzaki transform of both sides of each equation in (50) gives
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2u’

;= uElf]+uElg]

2 4
2u°—u

- :[u+1]E[g]—[u—1]E[h] (51)
2 -1t —ut S
- (Z_l;’z © —uEh]+[u+1]ELf]
Solving this system of equations for E[ /], E[g], E[h] gives
2
E[f]=——+u’
l-u
) 2
E[g]:l/l +1+M (52)
3
Elh]=—

2
(1-u)

By taking the inverse Elzaki transform of both sides of each equation in (52) , the exact
solutions are given by

(.80, h(1)=(1+¢ 1+ te') (53)
4. Taking Aboodh transform of both sides of each equation in (50) gives
2
T =ALf1-4lg]
v(v — 1)
2v* -1
———=(1+v)4[g]+(v-1)A4[h 54
Vo ) Alel (v 1) ALh) (54)
2 3
LV A ) AL+ AT
v (v - 1)
Solving this system of equations for A[ 1], A[g], A[h] gives
1
Afl==+
vV —v
1 1
A= (53)
1
A[h]=
v(v - 1)2
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By taking the inverse Aboodh transform of both sides of each equation in (55) , the
exact solutions are given by

(f(©).g(0).h(®)=(1+¢' 1+e" te') (56)

Conclusion

In this paper, we have successfully discussed the comparative study of Elzaki and
Aboodh transforms in solving systems of linear Volterra integral equations. The given
applications in applications section show that both transforms (Elzaki and Aboodh
transforms) are closely connected to each other, and they are both powerful and efficient
methods. Finally, all solutions obtained in this article have been checked by putting
them back into the original system.
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