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Abstract 
     In the present paper, we obtain Fekete-Szegö inequalities and sharp bounds for some 

subclasses of analytic and p-valent functions in the open unit disk defined by certain 

fractional derivative operator.  
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Introduction And Definitions 
      Let ܣሺሻ denote the class of functions defined by 

����݂ሺݖሻ ൌ ݖ ܽା

ஶ

ୀଵ

ାǡ�����������������ሺݖ א Գሻ��������������������������������������������������������ሺͳǤͳሻ 

which are analytic and p-valent in the open unit disk ࣯ ൌ ሼݖǣ ȁݖȁ ൏ ͳሽ. 

 

     Let ݂ሺݖሻ and ݃ሺݖሻ be functioning analytic in ࣯, we say that the function ݂ሺݖሻ is a 

subordinate to ݃ሺݖሻ, if there exists a Schwarz function ݓሺݖሻ, analytic in  ࣯, with 

ሺͲሻݓ ൌ Ͳ and ȁݓሺݖሻȁ ൏ ͳ��ሺݖ א ࣯ሻ,  such that ݂ሺݖሻ ൌ ݃൫ݓሺݖሻ൯ for all ݖ א ࣯ . 

    This subordination is denoted by  ݂ ط ݃  or  ݂ሺݖሻ ط ݃ሺݖሻ. It is well known that, if the 

function ݃ሺݖሻ is univalent in  ࣯,  ݂ሺݖሻ ط ݃ሺݖሻ if and only if  ݂ሺͲሻ ൌ ݃ሺͲሻ  and  

݂ሺ࣯ሻ ؿ ݃ሺ࣯ሻ. 
 

   Let ߶ሺݖሻ be an analytic function with  ߶ሺͲሻ ൌ ͳ�ǡ ߶ᇱሺͲሻ  Ͳ and ��ሺ߶ሺݖሻሻ 

Ͳ��ሺݖ א ࣯ሻ, which maps the open unit disk  ࣯  onto a region starlike with respect to 1 
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and is symmetric with respect to the real axis . Ali et al. [1] defined and studied the class 

ܵǡכ ሺ߶ሻ to be the class of functions ݂ሺݖሻ א  ሻ for whichሺܣ

�����ͳ 
ͳ
ܾ
ቊ
ͳ

�
ሻݖᇱሺ݂ݖ
݂ሺݖሻ

െ ͳቋ ط ߶ሺݖሻǡ����������ሺݖ א ࣯ǡ ܾ א ԧ̳ሼͲሽሻ�������������������������������ሺͳǤʹሻ 

and the class ܥǡሺ߶ሻ of all functions for which 

����ͳ െ
ͳ
ܾ


ͳ
ܾ

ቊ�ͳ 
ሻݖᇱᇱሺ݂ݖ
݂ᇱሺݖሻ

ቋ ط ߶ሺݖሻǡ����������������ሺݖ א ࣯ǡ ܾ א ԧ̳ሼͲሽሻ���������������������������ሺͳǤ͵ሻ 

Note that �ܵଵǡଵכ ሺ߶ሻ ൌ ଵǡଵሺ߶ሻܥ  ሺ߶ሻ andכܵ ൌ  ሺ߶ሻ, The classes were introduced andܥ

studied by Ma and Minda [2]. The familiar class ܵכሺߙሻ of starlike functions of order ߙ 

and the class ܥሺߙሻ of convex functions of order ߙǡ Ͳ  ߙ ൏ ͳ are the special cases of 

ܵଵǡଵכ ሺ߶ሻ and ܥଵǡଵሺ߶ሻ, respectively, when 

߶ሺݖሻ ൌ
ͳ  ሺͳ െ ݖሻߙʹ

ͳ െ ݖ
�Ǥ 

 

      We recall the following definitions of fractional derivative operators which were 

used by Owa [4] and see [6] and [7] as follows: 

Definition 1.1. The fractional derivative operator of order ߣ is defined, for a function 

݂ሺݖሻǡ by 

ሻݖ௭ఒ݂ሺܦ ൌ
ͳ

īሺͳ െ ሻߣ
݀
ݖ݀

න
݂ሺߦሻ

ሺݖ െ ሻఒߦ
௭


�ǡ��������Ͳߦ݀  ߣ ൏ ͳ����������������������������������������ሺͳǤͶሻ 

where ݂ሺݖሻ is analytic function in a simply-connected region of the z-plane containing 

the origin, and the multiplicity of ሺݖ െ ݖሻିఒ is removed by requiring ���ሺߦ െ  ሻ to beߦ

real when  ݖ െ ߦ  ͲǤ 
 

    With the aid of the above definition, we define a generalization of the fractional 

derivative operator ȍǡ௭
ఒǡ  by 

ȍǡ௭
ఒǡ݂ሺݖሻ ൌ

īሺͳ   െ ሻߣ
īሺͳ  ሻ

ǡఒܦ�ఒݖ� ݂ሺݖሻ����������������������������������������������������������ሺͳǤͷሻ 

for  ݂ሺݖሻ א ሻ�ǡሺܣ  א Գ� and  Ͳ  ߣ ൏ ͳ . Then it is observed that  ȍǡ௭
ఒǡ݂ሺݖሻ maps 

 :ሻ onto itself as followsሺܣ

ȍǡ௭
ఒǡ݂ሺݖሻ ൌ ݖ ߮ሺߣǡ ାݖ�ሻ�ܽା

�

ୀଵ

��ǡ�������������������������������������������������������ሺͳǤሻ 
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where  

�߮ሺߣǡ ሻ ൌ
īሺͳ   െ ሻīሺͳߣ    ݊ሻ
īሺͳ  ሻīሺͳ   െ ߣ  ݊ሻ

��ǡ�������ሺ݊ א Գሻ��������������������������������ሺͳǤሻ 

We let  ߮ሺߣǡ ሻ ؠ ߮�, and notice that 

���ȍǡ௭
ǡ݂ሺݖሻ ൌ ݂ሺݖሻǡ 

and 

���ȍǡ௭
ଵǡ݂ሺݖሻ ൌ

ሻݖƍሺ݂ݖ


Ǥ 

 

    Motivated by the classes ܵǡכ ሺ߶ሻ and ܥǡሺ߶ሻ  which were studied by Ali et al. [1], 

we introduce a more general class of complex order  ܵǡǡఉ
ఒ ሺ߶ሻ which we define in the 

following. 

Definition 1.2. Let ߶ሺݖሻ be an univalent starlike function with respect to 1 which maps 

the open unit disk ࣯ onto a region in the right half-plane and symmetric with respect to 

the real axis,  ߶ሺͲሻ ൌ ͳ� and  ߶ᇱሺͲሻ  Ͳ .  A functions ݂ሺݖሻ א   ሻ is in the classሺܣ

ܵǡǡఉ
ఒ ሺ߶ሻ if  

ͳ 
ͳ
ܾ
൞
ͳ

�
ݖ ቀȍǡ௭

ఒǡ݂ሺݖሻቁ
ƍ
 ଶݖߚ ቀȍǡ௭

ఒǡ݂ሺݖሻቁ
ƍƍ

ሺͳ െ ሻ�ȍǡ௭ߚ
ఒǡ݂ሺݖሻ  ߚ ቀȍǡ௭

ఒǡ݂ሺݖሻቁ
ƍ െ ͳൢ ط ߶ሺݖሻǡ������������������������������������ሺͳǤͺሻ 

where  ܾ א ԧ̳ሼͲሽ�ǡ Ͳ  ߚ  ͳǡ Ͳ  ߣ� ൏ ͳǡ  א Գ  and  ݖ א ࣯ .  Also, we let  ଵܵǡǡఉ
ఒ ሺ߶ሻ ൌ ܵǡఉఒ ሺ߶ሻ.     

    The above class ܵǡǡఉ
ఒ ሺ߶ሻ is of special interest and it contains many well-known 

classes of analytic functions. In particular; for ߣ ൌ Ͳ and  ߚ ൌ Ͳ, we have 

ܵǡǡ ሺ߶ሻ ൌ ܵǡכ ሺ߶ሻ 

where ܵǡכ ሺ߶ሻ is precisely the class which was studied by Ali et al. [1], while for ߣ ൌ Ͳ 

and ߚ ൌ ͳ, we have 

ܵǡǡଵ ሺ߶ሻ ൌ  ǡሺ߶ሻܥ

where ܥǡሺ߶ሻ is precisely the class which was introduced by Ali et al. [1]. 

     Furthermore, by specializing the parameters ߣǡ ܾǡ  we obtain the following ߚ and 

subclasses which were studied by various  others: 

1- For  ߣ ൌ Ͳǡ ܾ ൌ ͳ�ǡ  ൌ ͳ� and ߚ ൌ Ͳ, we get the class ܵଵǡଵǡ ሺ߶ሻ ൌ  ሺ߶ሻכܵ

which  was studied by Ma and Minda [2].  
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2- For  ߣ ൌ Ͳǡ ܾ ൌ ͳ�ǡ  ൌ ͳ� and ߚ ൌ ͳ, we get the class ܵଵǡଵǡଵ ሺ߶ሻ ൌ  ሺ߶ሻ whichܥ

was studied by Ma and Minda [2].  

3- For ߣ ൌ Ͳ�ǡ  ൌ ͳ��and ߚ ൌ Ͳ, we have the class ܵǡଵǡ ሺ߶ሻ ൌ ܵכሺ߶ሻ which was 

studied by Ravichandran et al. [5]. 

4- For ߣ ൌ Ͳ�ǡ  ൌ ͳ��and ߚ ൌ ͳ, we have the class ܵǡଵǡ ሺ߶ሻ ൌ  ሺ߶ሻ which wasܥ

studied by Ravichandran et al. [5]. 

5- For  ߣ ൌ Ͳǡ ܾ ൌ ͳ��and ߚ ൌ Ͳ, we get the class ܵଵǡǡ ሺ߶ሻ ൌ ܵכሺ߶ሻ which was 

studied by Ali et al. [1]. 

     Very recently, Ali et al. [1] obtained the sharp coefficient inequalities for functions 

in the class ܵǡכ ሺ߶ሻ and many other subclasses of ܣሺሻǤ 

      In the present paper, we obtain Fekete-Szegö inequalities of the functions belonging 

to the classes  ܵଵǡǡఉ
ఒ ሺ߶ሻ and ܵǡǡఉ

ఒ ሺ߶ሻ. These results are extended  to the other classes 

that were defined earlier. See [1], [2] and [5] for Fekete-Szegö problem for certain 

related classes of functions.  

     /HW�����EH�WKH�FODVV�RI�DQDO\WLF�IXQFWLRQV�RI�WKH�IRUP� 

ሻݖሺݓ ൌ ݖଵݓ  ଶݖଶݓ   �������������������������������������������������������������ڮ

in the open unit disk ࣯ satisfying the condition  ȁݓሺݖሻȁ ൏ ͳ. In order to prove our main 

results, we need the following lemmas which shall be used in the sequel. 

Lemma 1.3 [1].  If  ݓ א �, then 

ȁݓଶ െ ଵݓݐ
ଶȁ  ቐ

െݐ����݂݅�������ݐ  െͳǡ���������������
ͳ�������݂݅�� െ ͳ  ݐ  ͳǡ�����
ݐ��������݂݅����������ݐ  ͳǤ��������������

 

when ݐ ൏ െͳ  or  ݐ  ͳ, equality holds if and only if  ݓሺݖሻ ൌ  .or one of its rotations  ݖ

If  െͳ ൏ ݐ ൏ ͳ, then equality holds if and only if  ݓሺݖሻ ൌ  .ଶ  or one of its rotationsݖ

Equality holds for  ݐ ൌ െͳ  if and only if 

ሻݖሺݓ ൌ ݖ
ߣ  ݖ
ͳ  ݖߣ

��ǡ���������������ሺͲ  ߣ  ͳሻ 

or one of its rotations, while for  ݐ ൌ ͳ, the equality holds if and only if 

ሻݖሺݓ ൌ െݖ
ߣ  ݖ
ͳ  ݖߣ

�ǡ������������ሺͲ  ߣ  ͳሻ 

or one of its rotations . 
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     Although the above upper bound is sharp, it can be improved as follows when  

െͳ ൏ ݐ ൏ ͳ: 
ȁݓଶ െ ଵݓݐ

ଶȁ  ሺݐ  ͳሻȁݓଵȁଶ  ͳ�ǡ�����������ሺെͳ ൏ ݐ  Ͳሻ 

and 
ȁݓଶ െ ଵݓݐ

ଶȁ  ሺͳ െ ଵȁଶݓሻȁݐ  ͳ�ǡ����������ሺͲ ൏ ݐ ൏ ͳሻǤ 

 

 Lemma 1.4 [�, inequality 7, p.10].  If  ݓ א ��,  then for any complex number  ݐ,  
ȁݓଶ െ ଵݓݐ

ଶȁ  ���ሺͳǡ ȁݐȁሻǤ 

The result is sharp for the functions  ݓሺݖሻ ൌ ሻݖሺݓ  or  ݖ ൌ  .ଶݖ

 

1-  Coefficient bounds  

By making use of Lemmas 1.4-1.5, we prove the following: 

Theorem 2.1. Let �߶ሺݖሻ ൌ ͳ  ݖଵܤ  ଶݖଶܤ  ܤ  �ǡ  whereڮ �ǡ  are real with� ଵܤ  

Ͳǡ ଶܤ  Ͳ, and ߠ  is a real number and 

ଵߪ ൌ
߮ଵ
ଶሺͳ  ଶܤሻଶሾሺߚ െ ଵሻܤ  ଵଶሿܤ
ʹ߮ଶܤଵଶሾሺͳ  ሻଶߚ െ ଶሿߚ

�ǡ���������������������������������������������������������ሺʹǤͳሻ 

ଶߪ ൌ
߮ଵ
ଶሺͳ  ଶܤሻଶሾሺߚ  ଵሻܤ  ଵଶሿܤ
ʹ߮ଶܤଵଶሾሺͳ  ሻଶߚ െ ଶሿߚ

�ǡ���������������������������������������������������������ሺʹǤʹሻ 

ଷߪ ൌ
߮ଵ
ଶሺͳ  ଶܤሻଶሾߚ  ଵଶሿܤ

ʹ߮ଶܤଵଶሾሺͳ  ሻଶߚ െ ଶሿߚ
�Ǥ��������������������������������������������������������������������ሺʹǤ͵ሻ 

If ݂ሺݖሻ given by (1.1) belongs to the class  ܵǡఉ
ఒ ሺ߶ሻ and ߮ଵǡ ߮ଶ given by (1.7), then 

หܽାଶ െ ାଵଶܽߠ ห 

ە
ۖۖ
۔

ۖۖ
ۓ 
ʹ߮ଶ

൬
ͳ  ሺߚ െ ͳሻ
ͳ  ሺߚ  ͳሻ

൰ ቊܤଶ  ଵଶܤ ቈͳ െ
ଶ߮ߠʹ

ଵ߮
ଶ ቆͳ െ

ଶߚ

ሺͳ  ሻଶߚ
ቇቋ ��ǡߠ�����  �����ଵǡߪ

ଵܤ
ʹ߮ଶ

൬
ͳ  ሺߚ െ ͳሻ
ͳ  ሺߚ  ͳሻ

൰����������������������������������������������������������������������������� ǡ ଵߪ  ߠ  ଶǡߪ


ʹ߮ଶ

൬
ͳ  ሺߚ െ ͳሻ
ͳ  ሺߚ  ͳሻ

൰ ቊെܤଶ  ଵଶܤ ቈ
ଶ߮ߠʹ

ଵ߮
ଶ ቆͳ െ

ଶߚ

ሺͳ  ሻଶߚ
ቇ െ ͳቋ ����ǡߠ���  ���ଶǤߪ

�� 

ሺʹǤͶሻ 

Further, if  ߪଵ  ߠ   ଷ�,  thenߪ

หܽାଶ െ ାଵଶܽߠ ห 
߮ଵ
ଶሺͳ  ሻଶߚ

ʹ߮ଶܤଵሾሺͳ  ሻଶߚ െ ଶሿߚ
ቊͳ െ

ଶܤ
ଵܤ

 ቈ
ଶ߮ߠʹ

ଵ߮
ଶ ቆͳ െ

ଶߚ

ሺͳ  ሻଶߚ
ቇ െ ͳ ଵቋܤ หܽାଵห�ଶ� 


ଵܤ
ʹ߮ଶ

൬
ͳ  ሺߚ െ ͳሻ
ͳ  ሺߚ  ͳሻ

൰�������������������������������������������������������������������������������������������������������ሺʹǤͷሻ 

If  ߪଷ  ߠ   ଶ , thenߪ
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หܽାଶ െ ାଵଶܽߠ ห 
߮ଵ
ଶሺͳ  ሻଶߚ

ʹ߮ଶܤଵሾሺͳ  ሻଶߚ െ ଶሿߚ
ቊͳ 

ଶܤ
ଵܤ

െ ቈ
ଶ߮ߠʹ

ଵ߮
ଶ ቆͳ െ

ଶߚ

ሺͳ  ሻଶߚ
ቇ െ ͳ ଵቋܤ หܽାଵห�ଶ� 


ଵܤ
ʹ߮ଶ

൬
ͳ  ሺߚ െ ͳሻ
ͳ  ሺߚ  ͳሻ

൰�������������������������������������������������������������������������������������������������������ሺʹǤሻ 

For any complex number, 

หܽାଶ െ ାଵଶܽߠ ห 
ଵܤ
ʹ߮ଶ

൬
ͳ  ሺߚ െ ͳሻ
ͳ  ሺߚ  ͳሻ

൰��� ቊͳǡ ቤ
ଶ߮ߠʹ

ଵ߮
ଶ ቆͳ െ

ଶߚ

ሺͳ  ሻଶߚ
ቇ ଵܤ െ

ଶܤ
ଵܤ

െ  ଵቤቋ������ሺʹǤሻܤ

The results are sharp. 

Proof.  If  ݂ሺݖሻ א ܵǡఉ
ఒ ሺ߶ሻ, then there is a Schwarz function  

ሻݖሺݓ�� ൌ ݖଵݓ  ଶݖଶݓ  ڮ א�� � 

such that  

�����������������������������
ͳ

�
ݖ ቀȍǡ௭

ఒǡ݂ሺݖሻቁ
ƍ
 ଶݖߚ ቀȍǡ௭

ఒǡ݂ሺݖሻቁ
ƍƍ

ሺͳ െ ሻ�ȍǡ௭ߚ
ఒǡ݂ሺݖሻ  ߚ ቀȍǡ௭

ఒǡ݂ሺݖሻቁ
ƍ ൌ ߶൫ݓሺݖሻ൯��������������������������������������������������ሺʹǤͺሻ 

since 

ͳ

�
ݖ ቀȍǡ௭

ఒǡ݂ሺݖሻቁ
ƍ
 ଶݖߚ ቀȍǡ௭

ఒǡ݂ሺݖሻቁ
ƍƍ

ሺͳ െ ሻ�ȍǡ௭ߚ
ఒǡ݂ሺݖሻ  ߚ ቀȍǡ௭

ఒǡ݂ሺݖሻቁ
ƍ ൌ ͳ 

ሺͳ  ሻߚ
ሾͳ  ሺߚ െ ͳሻሿ

߮ଵܽାଵݖ ���������������������������������������������� 

����������������������������� ቈ
ʹ

൬
ͳ  ሺߚ െ ͳሻ
ͳ  ሺߚ  ͳሻ

൰߮ଶܽାଶ െ
ሺͳ  ሻଶߚ

ሾͳ  ሺߚ െ ͳሻሿଶ
߮ଵ
ଶܽାଵଶ  ଶݖ   �������������������ሺʹǤͻሻڮ

We have from (2.8), 

ܽାଵ ൌ
ሾͳ  ሺߚ െ ͳሻሿܤଵݓଵ

߮ଵሺͳ  ሻߚ
�ǡ�������������������������������������������������������������������������ሺʹǤͳͲሻ 

and 

ܽାଶ ൌ

ʹ߮ଶ

൬
ͳ  ሺߚ െ ͳሻ
ͳ  ሺߚ  ͳሻ

൰ ሼܤଵݓଶ  ሺܤଶ  ଵݓଵଶሻܤ
ଶሽ������������������������������ሺʹǤͳͳሻ 

Therefore, we have 

ܽାଶ െ ାଵଶܽߠ ൌ
ଵܤ
ʹ߮ଶ

൬
ͳ  ሺߚ െ ͳሻ
ͳ  ሺߚ  ͳሻ

൰�ሼݓଶ െ ଵݓݒ
ଶሽ������������������������������������������������������ሺʹǤͳʹሻ 

where 

ݒ������������������������������ ൌ ቈ
ଶ߮ߠʹ

ଵ߮
ଶ ቆͳ െ

ଶߚ

ሺͳ  ሻଶߚ
ቇ െ ͳ ଵܤ െ

ଶܤ
ଵܤ
������������������������������������������ሺʹǤͳ͵ሻ 

The results (2.4)-(2.7) are established by an application of Lemma 1.3 and inequality (2.7) by Lemma 1.4.  

    To show that the bounds in (2.4)-(2.7) are sharp, we define the functions  ܭథ��ሺ݊ ൌ ʹǡ͵ǡ ǥ ሻ by 
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ͳ

�
ݖ ቀȍǡ௭

ఒǡܭథሺݖሻቁ
ƍ
 ଶݖߚ ቀȍǡ௭

ఒǡܭథሺݖሻቁ
ƍƍ

ሺͳ െ ሻ�ȍǡ௭ߚ
ఒǡܭథሺݖሻ  ߚ ቀȍǡ௭

ఒǡܭథሺݖሻቁ
ƍ ൌ ߶ሺݖିଵሻǡܭ����������థሺͲሻ ൌ ൫ܭథ൯

ᇱሺͲሻ െ ͳ ൌ Ͳ 

and the functions  ܨ�ǡ ��ሺͲܩ  ݎ  ͳሻ defined by 

ͳ

�
ݖ ቀȍǡ௭

ఒǡܨሺݖሻቁ
ƍ
 ଶݖߚ ቀȍǡ௭

ఒǡܨሺݖሻቁ
ƍƍ

ሺͳ െ ሻ�ȍǡ௭ߚ
ఒǡܨሺݖሻ  ߚ ቀȍǡ௭

ఒǡܨሺݖሻቁ
ƍ ൌ ߶ ൬

ݖሺݖ  ሻݎ
ͳ  ݖݎ

൰ǡܨ����������ሺͲሻ ൌ ᇱሺͲሻܨ െ ͳ ൌ Ͳ 

and 

ͳ

�
ݖ ቀȍǡ௭

ఒǡܩሺݖሻቁ
ƍ
 ଶݖߚ ቀȍǡ௭

ఒǡܩሺݖሻቁ
ƍƍ

ሺͳ െ ሻ�ȍǡ௭ߚ
ఒǡܩሺݖሻ  ߚ ቀȍǡ௭

ఒǡܩሺݖሻቁ
ƍ ൌ ߶ ൬െ

ݖሺݖ  ሻݎ
ͳ  ݖݎ

൰ǡܩ����������ሺͲሻ ൌ ᇱሺͲሻܩ െ ͳ ൌ Ͳ 

respectively, it is clear that the functions ܭథ�ǡ  belong to the class ܵǡఉܩ  andܨ
ఒ ሺ߶ሻ. If 

ߠ ൏ ߠ  ଵ  orߪ   థଶ or one of itsܭ  ଶ, then the equality holds if and only if  ݂ isߪ

rotations. If  ߪଵ ൏ ߠ ൏  థଷ  or one of itsܭ  ଶ , the equality holds if and only if  ݂ isߪ

rotations. If  ߠ ൌ   or one of itsܨ  ଵ , then the equality holds if and only if  ݂ isߪ

rotations. If  ߠ ൌ   or one of itsܩ  ଶ , then the equality holds if and only if  ݂ isߪ

rotations.  
 

Theorem 2.2. Let �߶ሺݖሻ ൌ ͳ  ݖଵܤ  ଶݖଶܤ  ܤ  �ǡ  whereڮ �ǡ  are real with  ܤଵ 

Ͳ�and  ܤଶ  Ͳ . 

If ݂ሺݖሻ given by (1.1) belongs to the class  ܵǡǡఉ
ఒ ሺ߶ሻ and ߮ଵǡ ߮ଶ given by (1.7), then for 

any complex number ߠ, we have 

หܽାଶ െ ାଵଶܽߠ ห 
ଵܤȁܾȁ
ʹ߮ଶ

൬
ͳ  ሺߚ െ ͳሻ
ͳ  ሺߚ  ͳሻ

൰��� ቊͳǡ ቤቈ
ଶ߮ߠʹ

ଵ߮
ଶ ቆͳ െ

ଶߚ

ሺͳ  ሻଶߚ
ቇ െ ͳ ଵܤ െ

ଶܤ
ଵܤ
ቤቋ� 

ሺʹǤͳͶሻ 

The result is sharp. 

Proof. The proof is similar to the proof of Theorem 2.1.  
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