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English for Academic Writing Purposes
An Empirical Analysis of Needs and Wants
That Face Libyan EFL Learners afTertiary Levels

Najah Mohamed Ganaw
Elmergib University, Faculty of Arts
English Language Department
najahganaw@yahoo.com

Abstract

Academic writing remains an essential skill for Englishrieers in Libya in EFL context.
English courses offered in Libya at tertiary levels mostly focus on teaching for general purposes,
few concerns writing for academic purposes, even for English majors. Therefore, This paper
examines the needs and lack BFL Libyan learners who study English for academic writing
pur pose . Anal ysis of the questionnaire and
were presented. Results indicate that most of the participants have never taken an academic
English course before and that learners found a huge difficulty in academic writing skills.
Therefore, an EAWP (English for Academic Writing purpose ) course is needed for learners
who study at tertiary levels in Libya in order to write academic papers ajgiebpr

Introduction :

In recent years, academic writing has become an important tool for people in today's
international community. Therefore, it is used in reporting analyses of current events for
newspaper, composing academic essays, letters -amdl enessages. The ability to write
effectively allows individuals from different cultures and backgrounds to communicate. In
addition, it is widely recognized that writing plays a vital role not only in conveying
information, but also in transformingh&wledge to create new knowledge. Many believe that
teaching academic writing for specific purposes will benefit learners more than teaching it for
general purposes, because that enhance students' needs and necessities. In this context, program
can be dsigned by analysing learners' needs and identifying some certain points which learners
struggle with when they write academically. N
needs that come to determine curriculum since what we are really ieteiasts the gap
bet ween the target proficiency and the presen
p.1). This research paper will focus on analysing the needs and wants of group of learners who
study English for academic writing purpose. Thil be discussed by presenting the description
of the teaching context, discussion of needs analysis tools and information about learners' present
difficulties whichwere collected through questionnaire and writing texts' analysis. Following
that, findingsof learners' needs and implications of this project will be presented.

Teaching context:

These are EFL Libyan learners who were involved in an intensive teaching program for
English Academic Writing Purpose (EAWP) which will be taken for fifteen weslds three
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days per week and two hours per day.The aim of this program is to assist learners who have been
asked to write an academic essay in order to complete their tertiary studies in overseas countries.
These learners study at a private institutionLinya and they are a mixed group (males
&females) who are aged between-2B years. Their first language is Arabic and they have
Arabic cultural backgrounds as well as they have already learnt English language in both high
school and university for thrgears through using the grammar translation method. This method
basically depends on translating the language from English language to Arabic language and
teaching how to write some simple and compound sentences with certain grammatical features.
Therefoe, the learners have not benefited from such method, because they have not developed
their academic writing abilities.

Moreover, these learners have various levels of English proficiency, but the focus in this
context will be on an intermediate levdlhis is because of the fact that, although they have
good levels of general English writing proficiency, they still in need to improve their academic
writing abilities,since they have not been introduced to how use variety types of sentences
structures Also, they in need to use technical and formal vocabulary in their writing. This
program will assist these learners by identifying the wants, necessities and the gap between their
present learning situations and their target situations. Thereforapntloé this research paper is
to help learners with their academic essays, so they could write in more a proficient manner and
complete their tertiary studies in overseas countries.

Discussion of previous studies and needs analysis :

As it has been stiad in the previous studies, it is noted that needs analysis can be divided
into three categories that necessities, lacks and wants (Hutchinson and Waters cited in Benesch,

2001). Another study includes thatstigningthes an al

competencies, strengths and weaknesses that students have prior to the beginning of a course of
study, and provide arrange of devices that
Chancerel cited in Tajino, James & Kijima 2004 p. B)so, it is confirmed that giving students
examples of strategies for improving, planning, organizing, drafting and editing would develop
the necessities of student's academic witting. Furthermore, teachers should evaluate student'
writing to know their ommon grammatical structure and syntactic errors (Giridharan 2012).

Moreover, a study by Sanders (2006) includes that a questionnaire was developed in EAP
course to identify certain elements which are important for students' learning needs such as
paraphraing and paragraph structures. Also, a study by Vardi (2002) demonstrates that learners'
needs appear when those learners are required to write long complex texts objectively and
explicitly which they may not have experienced before. Also, a study by ®@ark§2007)
confirms that raising learners' awareness about successful writing processes is important by
providing them with models and clear specific learning goal. For example, it is concluded that
vocabulary is more important to maintain a consisteatl@mic pattern (Swales &Feak 2004).
These studies seems to suggest that needs analysis means to identify learners' problems which
they may have at the beginning of the course and focus on these problems with the aim that
provides a good support to assitdents' learning. Thus, this context has focused on identifying

[2)
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the problems which learners have and providing them with good writing strategies to overcome
their problems.

Furthermore, information about need analysis can be gathered by differergweayas
questionnaire and analysis of authentic written texts (Evans & St John 1998). In this context,
there are two methods which were used to gather information about the learners' needs; primarily
a guestionnaire was given to 15 learners to gathernaion about their needs or necessities.
According toBoshr and Smalkoski (2002), a questionnaire has been used to collect information
about learners' needs regarding course design for EAP. Secondly, analysis of learner's writing
texts were used to idefitithe microstructure level of the texts and identify the gap between the
current levels of learners and their target situations. For example, Lewin and Fine &Young
(2001)include that analysis of genre texts can identify a gap between the current lexeiet
and the target situation. Based on the above studies, it can be confirmed that the methods of
texts' analysisand the questionnaire which have been used in this program would be very useful
ways to identify the academic writing' gap betwedrat do learners currently can do and what
do learners can do after coleging their academic stages.

- Research Data:
1. Analysis of the questionnaire:

A questionnaire was one of the methods which were used to gather information about the
learners' ne#s and necessities in this context. Learners were asked to answer four questions that
were written by English language regarding the difficulties that face learners while they are
writing an academic essay. The questionnaire was distributed equally 16 karners who
study at an English collage to ensure fairness and valid data for better learning program.

First Question:[ see Appendix]

Decide which of these sentences are the topic sentence and decide the order of the
supporting sentences and numlemnt .

Percentage% Incorrect answe| Correct answer Total

Incorrect | correct

80 20 12 3 15

This table shows that learners have faced a lot of problems with writing and organizing
the correct form of the paragraph. That is attributed to theéests' disability to distinguish
between the topic , supporting and concluding sentences. For the first question, the majority of
the learners' responses about 80% are incorrect . On the other hand, about 20% of the learners’
responses are correct. Asesult, It is noted that learners in this context encountered difficulties
with organizing the different parts of the paragraph.

[ =)
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Second Question[ see Appendix]

Choose the transition signal that best shows the relationship between the following
senteces.

Percentage% Incorrectanswers | Correct answers | Total

incorrect | correct
10 5 15

66.6 33.3

From this table, it is resulted that about 66.6% of the learners faced difficulties in
determining the best transition signals but about 33.3% of tlaen ot faced these problems.
The reason for these errors is that most learners did not know how to link between different
parts of the paragraph by using the suitable transition signals.

Third question:[ see Appendix]

Do you have difficultiesin catructing compound and complex sentences when you write an
academic paragraph ?

Yes 80%

No 20%

Based on the table above, it shows that most of the learners about 80% have confirmed
that they faced problems in constructing compound and comgdexences while they are
writing their paragraphs whereas about 30% of the learners found it easy to use these types of
the sentences in their writing. learners need to know how to use complex sentences in their
writing rather only using simple or spound sentences, so later on they can perform well in
the complex context of academic writing in their tertiary studies.

Forth Question: [ see Appendix]

Do you think, you can produce new and technical words quickly when writing an academic
essay ?

Yes 80%

No 20%
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In the final question, a wide range of academic vocabulary is another problem that has faced the
learners.Difficulty in choosing the correct vocabulary even with theuse of a dictionary was
another aspect that faced the learners in thigezd About 80% of the learners faced
difficulties in producing new words while they are writing an academic paragraph whereas
about 20% of the learners have not faced those problems.

2. Analysis of written texts

Secondly, analysis of learners'itvtg was used to gather information about the
microstructure level of the learners' texts and identify the problems that the learners have with
organizing and writing each part of their essays' paragraphs. For instance, a study by Burstein
and Marcu (208) states that essay topics have been evaluated to collect data about learners'
weaknesses in order to seek students' needs. Therefore, in this context, learners' essays have been
evaluated to identify their weaknesses and the gap between their curedataled their target
situations. The learners attempt to write essays alitiah (countries should give aid to poor
countrie3. The analysis of the learners' essays resulted in to the following:

Firstly, the learners have difficulties in using tedahiand academic vocabulary and
this can be seen through skimming learners' essays. As a result, it is suggested that English
learners need to be taught how to gain academic vocabulary pattern, so that they will be able to
practice writing which is onef the language skills. Therefore, this means that learners in this
program should gain rich and technical vocabulary. Therefore, they can use more than one way
to express their ideas in academic writing skill.

Second difficulty which learners neealimprove in order to write a good academic essay
is paragraph structures ((Lewin , Fine &Young 2001). In this context, most of the learners have a
huge difficulty in constructing the topic sentences which is the important part of the paragraph.
Also, leaners have not stated the main idea, concluding sentences and recommendation of the
essay very clearly. For example,in the first paragraph of one of thelearner'satéxtelps
developing countries to improve medlitreatment).It is noticed that, tlre is a lack in this
sentence to convey meaning to the reader and this writer should include more details in the
sentence, so the main idea of the paragraph can be understood.

Thirdly, most learners' texts in this study have grammaticalerrors espeitiallsing of
variety of sentences structures. For example, in the first paragraph regard one of the learner's
text, it is stated thatAs result, life expectancy was increasedrhus, it is noticed that this
learner uses simple sentences in writing ssag instead of complex sentences. Based on the
above results which have been taken from the analysis of the learners' texts, it can be seen that
there are some certain grammatical features which learners had not paid attention to learn in the
past. As esult, there is a gap which can be defined as certain hidden skills which learnerscan not
master in the current situation, so if these skills are identified, the learners will improve their
academic writing abilities.

In addition, regarding the learnerekts, there is not linkage between different parts in
each paragraph which make the paragraphs incoherent. learners have not used transition signals
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to link sentences within the paragraphs. For example, a study by Swales &Feak (2012) includes
that to wrte academically, you should make many considerations which are audience, purpose,
organization and flow of the writing. Thus, it can be inferred that, there is not linkage in the
learners'texts and the learners should organise their writing with masiglemations in order to

write an academic essay.Consequently, learners' needs and wants should be taken into account
for designing an effective EAWP program.

Finding:

In sum, discussion of needs analysis tools (questionnaire & learners' writing texts
analysis) and relevant literature have revealed that EFL Libyan students who were involved in
the EAWP course, had the most difficulties in the following:

1 Using a wide range of vocabulary that assists learners to express their ideas in more
than one way

1 Being able to write a good academic structured paragraph with well organised ideas
using topic, supporting and concluding sentences.

1 Being able to use and identify grammatical features as well as using varieties of
sentences in writing such as compawamd complex sentences.

1 Being able to write academically and coherently with and between
paragraphs by usingtransition signals to link different parts .

Implication:

Analysis of learners' needs should be starting point for designing a better progtam th
satisfies learners' needs and necessities. According to -Wamp (cited in Tajino, James &
Kijima 2004), an EAWP program is starting point because it begins with a learner and a
situation. This study confirms thatan EAWP course starts with analysangers' needs that are
regarding learning situation. Therefore, in this context, the EAWP course should start with
learners' needs as a first step that makes this program more effective. For example, a study by
West (cited in Bosher&Smallkoski 2004) indies that learners’ needs analysis must be
translated into appropriate course objectives. This study seems to suggest that the EAWP course
must focus on the needs and necessities which learners have difficulties with by translating these
needs and necedsel as objectives of this course. Thus, according to the above needs analysis
and finding of this project, it can be suggested that needs analysis is considered as an essential
step in the EAWP course design.

Moreover, materials, books and methodsezfching in this program should be chosen
regarding learners' needs (objectives of the course). For example, Bosherand Smallkoski (2004)
include that materials and methods of teaching when designing an EAP course must be selected
according to the results d¢iie finding. This study demonstrates that when designing a course,
teachers should select the relevant materials and approaches which will focus and assist learners'
needs to improve their language learning. Consequently, in this context, teacherdaiteotlid
above point into account, so learners will reach the aimed outcome and teachers would have a
successful teaching program.
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Next, teachers should provide consultation time for learners, so each learner obtains an
opportunity to mention their neednd necessities. For example, conferences which can be
defined as an appointment which can be organized between a teacher and a learner to discuss a
particular piece of work or the process of learning or both of them (Brown & Hudson 1998).

This study defies the conferences as a plan for meeting that can be organized between a
teacher and a student to discuss the issues regarding learning process. This approach will be very
helpful for learners in this context, because by such way those learners vélltliav
opportunities to meet the teacher face to face and discuss the certain points which they struggle
with when constructing an academic essay writing. Therefore, such a useful strategy should be
included in EAWP course.

In addition, there are a numbef contextual factors that should be taken into account
when designing the EWAP course. Firstly, learners in this context come from an Arabic
language environment and this should be considered, because learners will be using English only
at the institutiorwhile using the Arabic language in their daily life. Therefore, in such that case,
teachers might suggest English writing program outside the classrooms, so learners can use more
English every day out and inside the classrooms. Secondly, class sizkaaiEble considered
when designing the EWAP course, since it is sometimes impossible to teach writing skills to a
class of 30 learners. Also, this may have a great impact on the conferences strategy which has
been mentioned above. This is because of th#ie class have 30 learners, a teacher can not
provide enough time for each student. Thus, enough time should be considered for each lesson,
so learners can ask some questions about their difficulties regarding certain points and teachers
can give themhe feedbacks, because it is critical for developing better content structure and
overall language proficiency (Giridharan 2012) .

Finally, learners' motivation should be considered too. For example, it is claimed that
students' motivation should be coresied when designing an EAP course because this helps
teachers to work out what is needed to enable learners to reach the target aim (Evans & St John
1998). This study means that learners' motivation decide whether learners' needs become explicit
or implicit which helps teacher to identify the learners' needs and assist them. Thus, teachers
should motivate students to elicit their difficulties, so teachers help them to overcome their
problems. Based on the above studies, all stakeholders should consideovbefactors when
designing an English writingcourse, so they can reach their aims and design a successful
teaching program.

Conclusion:

To sum up, it has been indicated that descriptions of target context, discussion of needs
analysis tools, anadys of the questionnaire and learners' texts that have been used to collect data
which was presented. Then, finding of Libyan learners' needs and some suggestion for the
EAWP course have been presented. Results of this study have focused on needssaittes
which learners who study in the EAWP course find difficulties wigarners in this context
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should be though academic writing skill with considerations of teaching specific aspects that are
main structures of the paragraph, technical and vewabulary, using transition signals and

using different types of the sentences. Alsbcan be recommended that teachers and learners
should participate in designing an effective academic course by both ways, firstly, student should
ask explicit questios about their weaknesses to be underst&mtondly, teachers should
provide a good explicit answers or feedbacks for students. Thus, it can be ensured that learners'
necessities have been identified and resulted into an effective teaching and [aagiai.
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Appendix

The following questionnaire was distributed equallyliol5 Libyan learners who study at an
English collage:

1- Decide which of the following sentences is the topic sentences of the paragraph and
decide the order of the supporting sentences and number them[ss1,ss2,ss3 and so
oné. |

a It enables customers to deveral blanking transactionstweittyo ur s a day €.
b- In addition, a customer can transfer funds between accounts or get a cash advance on a
credit cardee.

cc An aut omated teller machine [ATM] is a ¢
d- For example, a customer case an ATM to deposit money and with draw a limited of
casheéé.

2- Choose the transition signal that best shows the relationship between these
sentences in each group from the choices given in the parentheses, and add
punctuation and change capital to smihletters if necessary.

1-The same article said that the causes of
easy to prescribe. [however, for example, therefore]

2- Era also suggested that rising wages were one of the primary causes of
i nfl at i o nogegnénénhshould take action to control wages. [however, for

examplel].
3- In physics, the weighs of an object is the gravitational force with which the earth attracts
it éééif a man weighs 150 pounds, this mea

force of 150 pounds.

3- Do you have difficulties in constructing compound and complex sentences when
you write an academic paragraph ?
-Yes

-No

4- Do you think, you can produce new and technical words quickly when writing an
academic essay ?
-Yes

-No
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FRACTION AL DERIVATIVE OPERATORS ASSOCIATED WITH SOME
SUBCLASSES OF STARLIKE FUNCTIONS

Somia M.Amsheri
Elmergib University, Faculty of Science,
Department of Mathematics
somia_amsheri@yahoo.com

Abstract

In this paper we introduce new subclasses of starlike tmgcin the open unit disk by
using fractional derivative operator. We obtain coefficient inequalities and distortion theorems
for functions belonging tothese subclasses. Further results include distortion theorems
(involving the generalized fractional deative operator). The radii of convexity for functions
belonging to these subclasses are also studied.
Keywords: univalent functions; starlike functions; convex functions; fractional derivative
operators.
Mathematics subject classification30C45, 26A33

1- Introduction

Two interesting subclass&¥ | i B and 6 | fi B of univalent starlike functions with
negative coefficients in the open unit diskvere introduced b$rivastava and Owa[10]. These
classedecome the subclasses of the clagsii  which was introduced by Gupta [1] @i the
function "Qa is univalent with negative coefficients. Using the resultsSaf/astava and
Owa[10], Srivastava and Owa[11] have obtained several distortion theorems involving fractional
derivatives and fractional integrals of functions belongingthe classesY | i f and
61 AR .

Fractional calculus operators have recently found interesting applications in the theory of
analytic functions (see e.g. [2, 4, 8, 9])n the present paper, by making use ofeatain
fractional deivative operatorwe introduce new subclassé¥; ; | hh anddqp | B R
(defined below) of starlike functions with negative coefficients.

This paper is organized as follows: Section 2 gives preliminary details andiidefinof
starlike functions, convex functions and fractional derivative operators. In Section 3 we describe
coefficient inequalities for the functions belonging to the subclad¥eg | A i and
6rp | B . Section 4 considers ghdistortion properties. Its further distortion properties
(involving the generalized fractional derivative operator) are discussed in section 5. Finally, in
section 6 we determine the radii of convexity for functions belonging to these subclasses of
starike functions.

2- Preliminaries And Definitions

Let 0 denote the class of functions defined by
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04 a @ P

which are analytic in the open unit diSk agsixs p . Further, lefYdenote the class of all
functions ind which are univalent it . Then a functionQd belonging to the clasyis said to
be starlike obrder| if and only if (see, e.g., [2,5])

o .
Y 4 2 N
2 A oY I h avd c¥
for some| T | p 8We denote byY | the class of alktarlike functions of order.A
function "Qa belonging to the clasSYis said to be convex obrder| if and only if
2 A ¢ Q¢ h anvb &
P =g 3 | a C
for someg 1 | p 8We denote by | the class of altonvex functions of order.Note

that™Qa N 0 | ifand only if'@ax N “Y | , and that,
Y| PYTm Y,
0| PO T U,
and
ol OV OY
form | pghe classedY | and0 | were first introduced by Robertson[5].
Let™denote  the subclass  “nsisting of  functions of the form

Qa  a o O T 8
We denote by Y | andd | , respectively, the classes obtained by taking the intersections
of'Y | and) | with "Ythatis
"Y | “Y | ) "Y
and
0 | ol .Y

The class€é¥ | andd | were introduced by Silverman [6].
Let F@ cfodTép be the Gauss hypergeometric function defineddfor> by; (se¢7)).

FRUE TR

where _ is the Pochhammer symbol defined, in teohthe Gamma function, by

¢)]

3 _ € p
= 3 __ p_ ¢88_ ¢ p
for _ th ph ¢i8
Now we recall the following definitions of fractional derivative operstardopted for

working in classes of analytic functions in complex plasdollows see ([2,4]).
Definition 2.1. The fractional derivative of orderis defined by

E T

h
h &nNws
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N p Q Q.
wheremt _ ph™Qd is analytic function in a simplyconnected region of the-plane
containing the origin, and the multiplicity oi , is removed by requiring logy( , to be
real whenad , T8 3
Definition 2.2Let m _ p, andh-Na. Then, I n ter ms of t he
hypergeometric functionA-¢, the generalized fractional derivative operatbq{‘ " s
A Q , . .k .

Op Qa Q43 p _ a , Q FQ e -Tp _Ip p Q, &
where "Qa is analytic function in a smplyconnected region of theplane containing the
origin with the ordefQa U s ha© 1 where & i -  phand the multiplicity
of a , is removed by requirintpg (& , toberealwhem , T8
Notice that

00" Q¢ '0"Qah T o_ P cay

Now we define the following classes of starlike functions based on fractional derivative
operator. o
Definition 2.3.Thefunction"Qa N “Yis said to be in the clas§Y;y | A i if

hh

p 3
T: I an o QN
i p d
_ mt ¢n- TAgR ¢nm | oMt 1 pnm [ p
for the function
Qo a QA O T P m

belonging to'Y | 8Dented byu hﬁ h "Qa themodification of therfctional derivative operator
which is defined in terms aj ; hh s follows:

 FF 3¢ '3 - -
5y 2525 = T4l @ p

3 ¢ -
Further, if "Q& N Y satisfies the condition(2.9) for "Qa N § | lwe say thaQd ~
6rpr | A A 8

The abovedefined classe$Yx; | i i andé | A i are of special interest and they
contain weklknown classes of analytic functions. In particularview of (2.13, we find that
05"Q0 Q4 ¢
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Thus, for _ 1T, we have

Yo | RHE YL RA
and o o
Orr AW OIhHh

where Vi | i i and6 ;| fi i are the subclasses of starlike functions which were
studied bySrivastava and Owa[10], andSrivastava and Owa[11].

In order to prove our results we shall need the following lemfoasthe classes
"Y | and | due to Silveman [6]:
Lemma 2.4.Let the functionQda defined by(2.10) Then'Qa is in the clas§Y | if and only
if
¢ | ® p | o

Lemma 2.5.Let the functioriQda defined by2.10) Then'Qd is in the clas® | if and only if

Ee | @ p | P T

We mention to the following known result which shall be used in the sespelRaina and
Srivastav@d)).

Lemma 2.6.Let _H h-~ sahsuchthat. TmandQ & ot -  p then
Ny ®Q pQ " - p |
R0 pe _ - p ¢ @

3- Coefficient Inequalities

Theorem 3.1.Let the functio Q& be defined by2.4). If 'Qa belongs to the class
"?ﬁﬁ | B i, then

[ eep [ @ a ¢ p 1 o

where

Proof. Applying Lemma 2.6, we have from (2.4) and (2.11) that

Fhgg g << - &
S ¢ - _

0

SincéQa n "\?ﬁﬁ | R K, there exist a functioif2d belonging to the classY | such that

[ )
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abf"0a g i
— rhavd oS
¢og"0a  p d Q¢
It follows from (3.3)that
B EED @ 4
2 A ( — : — I o8
¢p T B reeo p d wa
A f
Choosing values oft on the real axis so that———— is real, ad letting a© p through
real axis, we have
[ eEd o I ogp T [ £Ed p g @

or, equivalently,

retep @ p I grTe ¢ p f o®

Note hat, by using Lemma 2.4Qa N "Y | implies
p |

® - h & ¢ o
Making use of (3.6) in (3.5), we complete
Corollary 3.2.Let the functioriQd be defined by2.4)be inthe clas¥;: | R i . Then
€ .
¢ p T ‘ I‘ p | pr i b o8
feep [ & |
wherg ¢ is given by(3.2). The resul{3.7)is sharp for a function of the form:
g p T & | Pl p I T,
Qa — : ah o]
‘ [EEp [ E | ‘ ‘ ¥
with respect to
04 & s '| ah & 080

Remark 1. Letting _ rthand| 1tin Corollary 3.2, we obtain a result was proved by

[Gupta [1], Theorem 3].

In a similar manner, Lemma 2.5 can be used to prove the following thegrgm:
Theorem 3.3.Let the functiofQd be defined by2.4)bein the classo 5 | B K . Then

Pl p T T
€& |

[ e&ep [ @ g p T oP T

wherg ¢ is given by(3.2). o
Corollary 3.4. Let the functionQa be defined by2.4)be inthe clas® | B B . Then

[ )
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g p T €& | P I p T QT
— - he lo}
ree p [ € | ¢ ®p
wherg € is given by(3.2). The resul{3.11)is sharp for a function of the form:
¢ p I EE | Pl P T,
Qa — - ah ¢ o}
. T EE p [ & . G P q

with respect to

—ah & ¢ op o

4- Distortion Properties

Next, we state and prove results concerning distorproperties ofQa belonging to the
classesY;r | B h andb6pp | A K .
Theorem 4.1.Let_H h-N a such that

o
- M i+ - — X5
Also, let'Qa defined by(2.4)be in the chss "Yx | i f . Then
$Qas @ Ofp | AR Ssh ]
$Qas s Ofp | AR Lsh ®
$Qas p ¢Osp |AH D18
and
$Qas p GOfp AR TsTd
for av Y hprovidedthatt | phm ' p andm [ phwhere
e | KR C‘C—=CFPT p I p R

T¢ - p r ¢ |
The estimates f@Qda sandsSQ & sare sharp.
Proof. We observe that the function ¢ defined by (3.2) satisfy the inequalitye

[ & phlé ¢ provided that — , thereby, showing that ¢ is nondecreasig.

Thus under the conditions stated in (4.1), we have

¢c¢C - LK :
¢eh ¢ T

- _ o7 q X

ForQd N "Yiq | A b, (3.5) implies
ccpl O pr gFT @ ¢gopT £

For Q& N "Y | , Lemma 2.4 yields
o 21 T8

G |
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So that (4.8) reduces to

. ¢ "¢ - _qgp T Pl p T
w [
TC - p r ¢ |
0 rp | A A TR T
Consequently,
SQos B B D ™ p
and
$Qds B oW B 39

On using (4.11), (4.12) and (4.10), we easily arrive at the desired results (4.2) and (4.3).
Furthermore, we note from (3.5) that

¢ p I €O p [ T o ¢ p T o

which, in view of (4.9), becomes

£6 q ¢ - _ Clj p f p I p
(¢ - p r ¢ |
COpp AR 1dT
Thus, we have
SQas p B 1 P U
and
sQas p B £ P 0

On using (4.15), (4.16) and (4.14), we arrive at the desired results (4.4) and (4.5).
Finally, we can pove that theestimates fa@Qad s and SQ & s are sharpby taking the
function

e . ¢ ¢ = _qgpf Pl p r
Qo «a a T
S T¢e - " p r g | ' BX
with respect to
06 @ g ™ Y

—_—

This completes the proof of Theorem 4.1.
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Corollary 4.2. Let the functioriQd be defined by2.4) be in the clas¥; ; | A i . Then the
unit disk » is mapped onto a domain that contains the disk i hwhere

‘ ¢ "¢ - _qgp T Pl p T
W
‘P T¢ — " p r g | ®

The result is sharp with the extremal function define(ftyr).

Remark 2. Letting _ *  mhand| min Theorem 4.1, we obtain a result was proved by
[Gupta [1], Theorem 4].

Theorem 4.3.Under the conditions stated (4.1), let the functionQa defined by2.4)e in the
classO r | H /B .Then

$Qas d& 6yp I A d&h T8 T
SQas o Sip AR Dsh 8 p
sQas p cobrp | AR Lh T8 ¢
and
$Qas p D pOspl Al kTR o
for &N Y hprovidedthatt | phm f pandt [ phwhere
6 e | Fifi q q =LIJZFD_T‘CpIrCP|I P I qrr T8 T
The estimates fgQd sandsQ & sare sharp.
Proof. By using Lemma 2.5, we have
” P |
T IN T

since’Qq N 6 | htheassertions (4.20), (4.21), (4.22) and (4.23) of Theorem 4.3 follow if we
apply (4.25) to (3.5The estimates fgiQa sandSQ & s are attained by the function

"Qé((g(c C—=TFPT‘CI p|prcrr¢ 8 ¢
pqg - pr q |
with respect to
o 2 : p I,
Qa o ———a T
' S CGq | & X

~

This completes the proof of Theorem 4.3. I o
Corollary 4.4. Let the functiodQa be defined by2.4) be in the class y | h B . Then the
unit disk is mapped onto a domain that contains the@isk i hwhere

‘ ¢ ¢ - _tmptl ¢l pl opr ocry
‘P We - © p G | il

The result is sharp with the extrehfianction defined by4.26)

5- Further Distortion Properties

[ =)
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We next prove two further distortion theorems involving generalized fractional derivative
operator " 8
Theorem 5.1Let _ 1) ¢ & Gk ¢. Also let the foction "Qd be defined by
(2.4)be inthe clas®; . | R i .Then
3¢

BB s - . ¢ p p I p r

Vg Qa v

e w et S L B
and

o B e 3¢ - . ¢ p Pl pr

Vg Qa v

A iy T L &

foran . The result$5.1) and(5.2)are sharp.
Proof. Consider the functiond ;" "Qa defined by (2.11). With the aid of (4.7) and (4.14) we
find that

07700 w8 T ocEs ED

g p T Pl pr
V&®
IR o r C | IR
and
5 Ao : . .
Dp QA WS T CWW  £w
g p T p I pr
L8
e b G | e
which yields the inequality (5.1) and (5.2) of Theorem 5.1.
Finally, by taking the functioda defined by
L.)g\ﬁ,.Q(:x 3‘c - & o ¢ p 1 p I pr 0 v
3¢ 3¢ — _ pr c |

The results (5.1) and (5.2) are easily seen to be sharp. I o
Corollary 5.2. Let the function'Qd defined by(2.4) be in the clasSY;; | R i 8Then

0 r? h "Qa is included in a disk with its centre at the origin and tedi given by

i 3¢ - chprlpf o
3¢ "38¢ - _ p r ¢ |

Similarly we can establish the following result:
Theorem 5.3Let_ m ¢} & @ a@h ¢, and let the functionQda be defined by
(2.4)beintheclassf; | B B .Then
- R 3¢ - . ¢p I ¢ | Pl p T Crr,.
Up O 3c‘3c—_€u§p pr ¢ | A VX

and

[ )
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LY 3¢ - . gp T G | Pl p T oCrr,

Q

Uhqsc,sc_=suép 0 T ] b vgy
foran 5 . The result{5.7)and(5.8) are sharp.

Corollary 5.4. Let the function'Qd defined by(2.4) be in the clas® ; | i i 8Then

h h- "Qa is included in a disk with its centre at the origin and radiusgiven by
3 - r
‘| C 0 ¢ p T G | Pl p T Qrr .
3¢ 3¢ — _ pr q |
Remark 3. Letting * _ and using the relationshi®.9) in Theorem 5.1, Corollary 5.2,

Theorem 5.3, and Corollary 5.4, we obtain the results which were proved by [Srivastava and
Owa [11], Theorem 5, Corollary 3, Theorem 6, and Corollary 4, respectively].

6- Convexity Of Functions

In view of Lemma 2.4we know that the functiofQd defined by (2.4) is starlike in the unit
disk> if and only if

e p P
for Qa v Yy | A B ,we find from (3.5) and (4.9) that
0 cOrp | AR p o8

whered ;1 | i i is defined by (4.6). Furthermore, f@& N 6 ;5 | A ff , we have

E® cOrr Il AR p 0
whered y; | i i is defined by (4.24). Thus we observe thit: | F B and6 x| R i

are subclasses of starlike functions. Naturally, therefore, we are interested in finding the radii of
convexity for functions in"Y; i | hh andd iy | A R . Wefirst state:

Theorem 6.1.Let the functrorQq defined by(2.4) be in the clas§Y;r | A i . Then'Qa is
convex in the disks 1 , where

. AN P
R I TILL s
andd ;| B i is given by4.6). The result is sharp.
Proof. It suffices to prove
0Q a -
a% P h 8 | 0D

Indeed we have

[ >)
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aQ a B €& poa
Qa p B ¢twa
B €& p oo
YRy oD
p €0 IR
Hence (6.5) is tre if
€€ p OIS P JAR oS X
that is, if
€ I p R
with the aid of (414), (6.8) is true if
< P -
€ n -~ h €
w GO fn | R ¢ Lo
Solving (6.9) forgihwe get
P — h & ¢ P T
‘ GEOfr | M N
Finally, since¢ is an increasing function for integers ¢ , we have (6.5) for

s i ,wherei isgiven by (6.4).
In order to complete the proof of Theorem 6.1, we note that the result is shahe for
function Q& N "Yi; | B K of the form
ol AR
- . ¢ h & ¢ o p

QCX

Similarly, we can prove the next theorem. o
Theorem 6.2.Let the functiofQa defined by(2.4) be in the clas® ; | B B . Then™Qd is
convex in the diskds 1 , where

p
GO rr | A A %

andd rr | i i is given by(4.24) The result is sharp for the functiéQda N 6y | i i
of the form

i El £

., GOwp I AR
04 thhé & F & o o

7- Conclusion

We have studied new classé¥; | A i and6 5 | B B of univalent functions with
negative coefficients defined by a certain fractional derivative operator in the unh &iste

[ 2)
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obtained the sufficient conditions for the functioRd to be in Vs | A and

6 x5 | i A .In addition, we derived a number of distortion theorems of functions belonging to
these classes as well as distortion theorems foertic fractional derivative operator of
functions in theclasses. Also, we have determined the radii of convexity for functions belonging
to these classes.

Some of the known results follow as particular cases from our results; see for example, Gupta
[1]; Srivastava and Owa[10] and Srivastava and Owa [11].
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: Jbb Ar HOF
WpHBHF nAK dupfFNrlOF eB wKurtses 2jK aCbglT Cy
AX=Db
. mx1 w3 b OBOFMxe Bw MK BBFA €/ ¢c WTH Y

Abstract:

In this paperwe introduce an apightion on inner product spaces and how used to solve a
system of linear equations in the form Ax=b , where A is mxn matrix and b is mx1
vector

Introduction:

The system of linear equations in the form Ax=b, where A is &nmnmatrix and bs an
m 1 1 vector often arise in applications to the real world. The coefficients in the system are
frequently obtained from experimental data, and in many cases, both m and n are so large that a
computer must be used in the calculation of the solutionis Ttvo types of errors must be
considered. First , experimental errors arise in the collection of data since no instruments can
provide completely accurate measurements. Second, computers introduce roundoff errors. One
might intuitively feel that small fative changes in the coefficients of the system cause small
relative errors in the solution. A system that has this property is calleecavalitioned
,otherwise, the system is called ill conditioned We now consider some examples of these types of
errors, concentrating primarily on changes in b rather that on changes in the entries of A . In
addition ,we assume that A is a square , complex(or real), invertible matrix since this is the case
most frequently encountered in applications.

Definition 1 :(4)
A setV is called a vector space over a fi€ldf -

(a) under binary operation called addition (+)

[ 2)
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() V is closed
(iu+v=v+u forallu, VI V (commutative axiom )
{i)u++w)=(u+v)+whoral,v,wl Vv
('associative axiom)
(iv) there exists an element b V, called a zero elementcuthat u + O = O + u for alllu V.

(v) for every vI V, thereexists an element-y) I V called an inverse of v such that v +
(-v) =0=(-v)+ (V).

(b) under the scalar multiplication

(i) V islc\A"oEJJeFd,"ullV. u

(ii) U ( u + v bv=ebro+ 0 v for a1 u, v
(iii) ( 0 + b ) w =lwrv o+ b v for all v
(ivy 0 (b vyl w ¢olore p v for at1 v

(v) 1v:vforallv| V;1 I F.
Definition 2 : (4)

Let V be a vector space over F . An inner product on vector space V is an operation that assigns
to every pair of vectors u and v in V a scalar <u,v> in F such that the followopgnties hold
for all vectors u, v.and win V and all scalars cin F.

(1) <u,v =<V, u>,where the bar denotes complex conjugation
(2) <U+Vv,W>=<Uu,wW>+<VvV,w>

(3 <cu,v>=c<u,v>

4 <u,u>20,and<u,u>=0ifandonlyifu =0.

Now , we will introduce some examples to applis application as following :
Example 1
Consider the system

X1+ X2=5

X1- Xo=1

The solution to this system is

[ 2)
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&3
Now supmse that we change the system somewhat and consider the new system
X1+ X2=5

X1- Xo = 1.0001

This modified system has the solution

&3.00005
&1.99995 |

We see that a change of 1th one coefficient has caused a change of tean 10 in each
coordinate of the new solution. More generally, the system

X1+ Xo=5
X1- X2 = 1+h

has the solution
&0
€ 2

@, P @
N |

Hence small changes in b introduce small changes in the solution . Of couraee we
really interested in relative changes since a change in the solution of , say , 10. is considered
large if the original solution is of the order3pbut small if the original solution is of the order

10°.

We use the notatio n i Wi, hete d is the vectdr ie the driginal wystem o r
and bis the vector in the modified system . Thus we have :

_e5> e#5¢ b
“&+h i 18 W
We now define the relative change in b to be the sdabr|/|b| , where |.| denotes the

standard norm on®r R"; that is HbH = «/ $,b . Most of what follows, however, is true for
any norm. Similar definitions hold for the relative change in x.

[ >)
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In this example :

leol _ 10

and
b ~ 26
&3+(h/2) o3 f
lox || _[&2- (h/2) a& Ja_n
] eef 26
& |l

Thus the relative change in x equals, coincidentally, the relative change in b; so the system is
well-conditioned.
Example 2
Consider the system
X1+ X2=3
X1+ 1.00001 % = 3.00001 ,

which has &

&

as its solution . The solution to the related system
X1+ Xo=3

X1+ 1.00001 % = 3.00001 + h

Hence,

=10°,/29h| 2 10|h|
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While

£ A K
e_
- n

bl

K K

Thus the relative change in x is at least tiies the relative change in b! This system is very
ill-conditioned . Observe that the lines defined by the two equations are nearly coincident. So a
small change in either line coudpleatly alter the point of intersection, that is , the solution to the
system.

To apply the full strength of the theory of satfjoint matrices to the study of conditioning, we
need the notion of the norm of a matrix .

Definition 3 : (2)

Ann hreal @ complex matrix A is seldjoint (Hermitian) if A = A

(ie., suchthafA ), =A foralli,j).

Definition 4 : (3)

Let A be a complex ( Or real )Inn matrix. Define the Euclidean norm of A by

IIAII‘max”m"

wherex| C" or xI R".

Intuitively, |A]| represents the maximum magnification of a vector by the matrix A. The

question of whether or not this maximum exists, as well as the problem of how to cainpute
can be answered by the useld# secolled Rayleigh quotient.

Definition 5 : (2)
Let B be an ni n self adjoint matrix. The Rayleigh quotient for, Ois defined to be the scalar

R(x)= Bxx H >{|2

The following reslt characterizes the extreme values of the Rayleigh quotient of-adjeift
matrix.

Theorem 1: (1)

For a selfadjoint matrixB i M

nxn

(F), we have thathaxXR (X )is the largest eigenvalue of B
x,0

and MiN R (X)is the smallest eigenvalue of B.
x,0
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Remark 1

Let T be a linear operator on a vector space V. A nonzero vedtdr is called an eigenvector
of T if there exist a scalat such that T (v)= Iv. The scalarl is called eigenvalue
corresponding to the eigenvector v.

Corollary 1: (1)

For any square matrix A|A| is finite and , in fact, equals/l where| is the largest
eigenvalue of A*A.

Lemma 1: (1)

For any square matrix A, is an eigenvalue of A*A if and only ifl is an eigenvalue of
AA*,

Corollary 2 : (1)

Let A be an inverti matrix . ThenHA‘lu =1/J | , wherel is the smallest eigenvalue of
A*A.
For many applications, it is only the largest and smallest eigenvalues that are of interest.

For example, in the case of vibration problems,dmallest eigenvalue represents the lowest
frequency at which vibrations can occur.

We see the role of both of these eigenvalimeour study of conditioning.

Example 3
é,l 0 1@
Let A:g-l 1 03
g0 1 1y
Then

& -1 0l 0 1g
_ _ ue u
B_A*A_go 1 1ggl 1 0y
€ 0 1§00 1 1j

e2 -1 1p
_é u
= é-l 2 11]
61 1 24

[ 2)



Journal of Humanitarian, Scientific and Social Sciences
Elmergib University 1 Faculty of Arts and Sciences Kasr Khiar
4" |ssue December 2017

The eigen values of B are found as follows :
We solve the equation:
Det (B tl3) =0

e2 -1 1lg e 0 Og

B-tl,=¢1 2 13- t Of

~

61 1 24 € 0 ty

_é N
=¢-1 2-t 1Y

-1 1 2-tj

2-t -1 1
det@-tl,)=[-1 2-t 1
1 1 2-t

= (2t) (4-4t+2) T 6+3t2

=81 8t+2f1 4t + 421 t°-6 + 3t-2

=3+ 61 Ot

=t [-t+ 6t1 9]

Det( B-tl3)=0. then

fft>-6t+9]1=0

Hence,

t=0 , fi6t+9=0

t=0 #3)Y =0

The eigen values of Bare 3,3 and 0

Therefore

= mad™ foranyx=88 o
e écg

Then , bycorollary |A|=+/3
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We may compute R(x) for the matrix B & x) :ﬁ%:
X

€2 -1 1geéag

~ s

_é ug.u
Bx=g1 2 10201\J

gl 1 2ygch
§2a- b+cg

e u
= a+t +C=<
é a+2b Cu

gat+b+2cy

<Bx,x > &2a b- 9g+b(+ta2b ¢ dia b2}
=2a°- ab+ac- ba_ab”*+bc+ca+cb+2c?
=2a° h* 2A* 2ac 2be 2b:
W =a b+

_<Bx,x > 2(& W & ab ac+b} +
- 2 2 2 2 3
x| a’+b”

R(X)

Definition 6: (1)

The numbet|A|.|A ™| is called the condition number of A and is denoted cond (A).

Theorem 2 : (1)

For the system Ax= b , where A is invertible and Othe following statement are true .

(a) For any norm||| , we have
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N N

cond(A 4 | A I t

(b) If ||is the Euclidean norm, then cortd) =,/ |/ | , where |, and| , are the largest
and smallest eigenvalues , respectively , oA A

Proof:

For a givendb , let ax are the vector that satisfies
b | ® @1 0

b6 @ @1 ®

01 ® 1 @ 1)

6 671 w 6 1 ®

oo 0 1 @ (2)

3 0 [P =|AX] Al 4 . so we get

p p
AE A EAJE
£ A

EE KK

Now , from (2) we get

x| == oo 4A] dp

£ & A R . AR L, . A&
(i) x=Ab, then
x[[=a]|A 0] ¢ AfIY

Hence ,

[ =)
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p p
AE A EAE

p p
A mE\E  ADE

Now , from (1) , we get

|ab] &[] &
Hence ,

E E E RE E
E EEE £
So we get

P AM AmoE
A m £ AAE  AZE

Hence ,

P Al AmeE
AT TIA A8 Az

_1

A

(b) From corollary 3.1 and corollary we hal{| :\/Z : HAlu where/, and/ are

the smallest and largest eigenvalues, respectively of A*A .

Thencond(A) =| A.| AY| = \///: .

Conclusion :

The soluton of linear equations is of great importance in linear algebraic science .So
we used Rayleigh Quotient to solve the linear equations ébiimeAx = b , where A is a nx
matrix and b isa m x 1 vector .
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Abstract

This paper makes a psycholinguistic approach to observe and analyze why the Arab learners
of English language commit errors in pronunciation and grammar. It also presents the
suggestions.

First, it phonologically analyzes the English phonotactics in the English of Arab learners of
English as a foreign language to determine the types of pronunciation difficulties they encounter.
More specifically, it investigates the types of declustéiopma processes found in their
interlingual communication and the sources of such processes. The results of this study
demonstrate that Arab learners of English unintentionally insert an anapestic vowel in the onset
as well as in the coda of certain Englsfilables. Results also show that the major reason for
declusterization processes is the mother tongue influence.

In order to overcome such difficulties, this paper suggests a new approach for teaching and
learning English language syllable structsystem.

Secondly, it focuses on the errors committed in grammar dyzamg it psycholinguistically.

Objectives And Methodology

This study aims at:

1. Identifying ,classifying, andanalyzing errors of insertion made by Arab learners of
English inthe area of pronunciation,
2. Finding out the possible sources of these errors, and
3. Suggesting teaching procedures that help teachers and students overcome the areas of
difficulty.
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-Methodology:.

This study follows a psycholinguistic apprbato analyse the errors and mistakes
committed by Arab learners of English language in pronunciation and grammar

- Participants of the study :

This study is conducted by observing the performance of B.A. Ist and lInd year English
language learers in the College of Arts and Sciences KasKAiyar ,Al-Margib University .
These students were scrutinized for committing errors in pronunciation and grammar specific to
Arab students .

INTRODUCTION

The ultimate goal of most foreign languagarhers is to attain native like fluency. They want
to be indistinguishable from native speakers. However, for many learners, this dream has
remained a dream and has not come true especially in the area of pronunciation as native
speakers usually identitjhem as nomative speakers because of their accent. A large number of
foreign language learners believe that the main difficulty they encounter when speaking the
foreign language is pronunciation and consider this difficulty as the main source for their
communication problems (Altaha, F 1995: 34 ).

English occupies a high status among world international languages, as it has become the
language of diplomacy, trade, communication, technology and business. Thus, learning English
provides the person withamdv ant age as an active participan
horizons to a better future ( Cook, V.J. 1992: 140).

English as an international language has been taught in almost all countries in the world. In
Libya English is a foreign language whicha compulsory subject to be taught in all schools
from lower secondary to upper secondary schools to tgrdeluate students in universities
;even in  elementary schools. However, we have seen that the proficiency in English of
secondary school graduatstlll creates disappointment among teachers themselves as well as
parents. The unsatisfying quality of English in Arab countries of course is related to different
variables.

we have tried to shed light on some of these variables here .That is to saydée leehind
the errors committed in pronunciation and grammar in English language by the Arab learners.

The importance of investigating pronunciation and grammar difficulties stems from the fact
that, it stands as an obstacle in communication. Howeusrnécessary, in this research, to find
out why the aforesaid learners face difficulty in the acquisition of the phonological system and
grammatical structure of any narative language (English).
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1.ERRORS IN PRONUNCIATION AND ITS CAUSES

Errors in prmunciation of any nomative speaker of any language is mostly impeded by the
influence of mother tongue .However, the Arabic and English phonological systems vary
extensively, not only in the range of sounds used, but also in the relative importaneelsf vo
and consonants in expressing meaning. While English has 22 vowels and diphthongs to 24
consonants, Arabic has only eight vowels and diphthongs to 32 consonants.

&

i A sa Dd
- B b Tt
o T 3  Dhh
& Th & A
Z ] £ R
T H- < F
& Kh & Q
& D 4K
3y Dh Jd L
4 R g M
J Z O N
> S & H
U4 Ch 9 Ou
@ Ss &Y

1.1 Consonant Clusters

English has far more consonant clusters than ArabiceSoitial two-segment clusters which
Arabic does not have corresponding equivalents to, include: pr, pl, gr, thr, thw, sp. The three
segment initial consonant clusters are entirely absent in Arabic, e.g., clusters such as spr, skr, str,
spl. Faced with thehallenge of such consonant clusters, Arabic speakers often insert short
vowels in order to "assist" pronunciation in the following manner:

'perice’ or ‘pirice’ for price
"ispring’ or 'sipring’ for spring
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The range of consonant clusters appearing at the end of words is also much smaller in Arabic. In
dramatic contrast to English, which has 78 tksegment clusters and fourteen fsegment
clusters occurrig at the end of words, Arabic has none. Again, faced with such terminal clusters,
Arabic speakers tend to insert short vowels to assist pronunciation:

‘arrangid’ for arranged
'monthiz’ for months
'nexist’ for next
0si kas dor SiX

0l ook a dad looks

1.2Insertion of /bin the onset

In all the following English monosyllabic words, the onset consists of three consonants;
actually, such combinations pose difficulties for Arab learners of English as their native dialect
does not allow clusters of the type CCC initially. As a result, they insert the high front short
vowel Kbwhich declusterizes the clusters to ease their pronunciation. What can be inferred here
is that insertion is a rule governed process as all partisipasert the above vowel after the first
member of the consonant cluster.

1. /sylaH splash
2.  Isyplyn/ spleen
3. /skryn/ screen
4. [s\bray/ sprite
5. /sqreyn/ strain
6. /skrap/ scrap
7. Isqrey/ straight
8. /syprey spray

Teachers often encounter examples of such pronunciations, which also can carry over into the
spelling of such English words by students whose mother tongue is Arabic.

1.3 Influence of English Spelling on Pronunciation

While there are no sirarities between the Arabic and English writing systems, Arabic
spelling within its own system is simple and virtually phonetic. Letters stand directly for their
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sounds. Arabic speakers attempt, therefore, to pronounce English words using the same phonetic
methodology. Add to this the salience of consonants in Arabic and you get severe pronunciation
problems caused by the influence of the written form:

'istobbid' for stopped (the 'p' sound does not exidtrabic)
‘forigen’ for foreign.

1.4 Rhythm and Stress

Arabic speakers can have problems grasping the unpredictable nature of English word stress
since Arabic is a stredBned language. In stark contrast with English, word stress in Arabic is
predictable and regular. The idea that stress can alter measimggcon'vict (verb) and ‘convict
(noun) is utterly foreign. Arabic words that are spelled identically often appear, and mean
completely different things, but will have dissimilar short vowels which count as sounds and
change the meaning altogether.

Phrase and sentence rhythms are similar in both Arabic and English languages, and cause few
problems. Primary stresses occur more frequently in Arabic while unstressed syllables are
pronounced more clearly. As with English, the unstressed syllable has wewed$, but such

vowels are not 'swallowed' as in English. Arabs reading English often avoid contracted forms
and elisions, and read withrather heavy staccato rhythm.

1.5 Intonation

Intonation patterns in Arabic are similar to English in contour raedning. However,
Arabic speakers use rising tones rather than structural markers to denote questions, suggestions
and offers far more frequently than Englgbeakers, and this practice is often carried over into
the spoken English of Arabic speakers.

When reading aloud however, as opposed to talking, the Arabic speaker tends to intone or
chant, reducing intonation to a low fall at the ends of phrases and sentences. Speech making,
news reading and religious recitation are all quite different in rhythnindmiation from normal
speech. Consequently, Arabic speakers called on to read aloud in front of a group may produce a
very unnatural recitation because they see the process of formal reading as distinct from
everyday speech.

In their attempt to identify ppblems that encounter Arab students of English at initial stages,
Kharma & Hajjaj (1989) present four major areas of difficulty. As far as consonants are
concerned, they presented two problematic issues. First, certain pairs are confused by learners
suchas £ and (b as in chair and sharév/ and /f/ as in fast and vast;#dnd /4 as in /dA i jar
and/Ab/ jar; [/ p/ and [/ b/ as/i nipibgg/aansdd Wi n{ s/ Kk
in sin and thin. Second, learners insert atshowel to break down the long consonant clusters
to pronounce them as in{@siE/  spring; Mo ds dor wished; d : sk ©d/ for asked
Hajjaj, 1989: 14). In vowels, two types of difficulty are identified. First, certain diphthongs are
replaced byother sounds due to L1 interference for exampt#, /e Y/ /teb Y /o 2 ¥; ;//
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and/p Bt Y 'O//Second, the distinction between certain pairs of vowels Aband/e/as in sit
and set; & and b/ as in luck andock;/p fand/C/ as in coat anadaught (Kharma & Hajjaj,
1989, p. 16).

Analyzing the pronunciation errors experienced by five Saudi learners of English as a second
language, Binturki (2008) investigates the difficulties in producing the voiceless bilabial stop /p/,
the voiced labiodeat fricative/v/, and the alveolar approximant // especially what word
environments are most difficult for participants. His results show that participants have difficulty
with the threetargeted consonants, but the greatest is with /v/. The study radsatifiat difficulty
is closely related to certain word positions, so all the three sounds are used more accurately when
occurring in word initial position than in word final position.

Tushyeh (1996) investigates errors committed by Arab learners of Enagfisvarious
linguistic levels. At the phonological level, participants have a difficulty in distinguishing the
following pairs: /p/ and /b/, /f/ and /v/, ahndand /e/.

Wahba (1998) focuses his study on problems encountered by Egyptian learners of English as
a second language and concludes that certain phonological errors made are related to stress and
intonation. These errors are interlingual ones; attibid phonological differences between the
sound systems of English and Arabic.

In order to see the influence of ones L1 on the acquisition of the L2 pronunciation, Barros
(2003) identifies and analyzes the difficulties encountered by Arabic speakerprwhenncing
English consonant3he participants were a group of Arabic speakers came from different Arab
countries with different colloquial Arabic backgrounds. All participants were in contact with the
target language group and culture after the agpubkrty for at least four years. The results
show that eight English consonants, namelyE/ [ p/ wl I and [r/ arke diéntified/as / , /
problematic ones for Arabic speakers. The author also finds that interference of L1 seems to be
the major &ctor contributing to pronunciation problems that might differ from one Arabic
speaker to another, depending on the colloquial variety of Arabic they use.

1.6 Syllable Structuresin Modern Standard Arabic(MSA):

It is necessary to have a quick look at Hydlable structures in Modern Standard Arabic
(MSA) and in English language.

In MSA, the syllable structure may be expressed by the following formula: CV(V)(C)(C).
Therefore, the followingyllable types are admissible:
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a Cv

b. CWwV

c. CVC

d CvVvC
e. CVCC
f. CVVCC

There is some difference between MSA syllable structure and that of the participants(Jordan)
Ammani dialect of Arabic; for example, the syllable CVVCC does not exist in Ammani Arabic
while CVCC is not a common en Another syllable structure, namely, CCVC is found in
Ammani Arabic but not in MSA.

English syllable may be expressed by the formula: (C)(C)(C)V(C)(C)(C)(C). The fndow
syllables exist in English:

a Vv

b. CV

c. VC

d CVC

e. CCV

f. VCC

g CCVC

h. CCvCC

I cccv

j, cccvce
k. CCCvCCC
l. CVCcCcCC

The errors found in this study fall under three types namely, (i) insertion, (ii) substitution and
(i) deletion. As far as the declusterizati process is concerned, attention is paid only to the
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insertion type .Therefore, substitution and deletion types are not tackled in this study. As
mentioned above, learners native languatgrference is indispensible.

As evident from the above syllabkructures, the systems are different. Many English
syllables are predicted to be difficult for Arab learners since they do not exist in Arabic
language. In Arabic language, onset is an obligatory element in the structure of any syllable and
it should be Bvays C which means that no word is allowed to begin with a vowel sound. In other
words, no two consonants are allowed to meet in the beginning of any word without being
separated by a

vowel. The coda of the syllable is optional in the above structunes some syllable types
are open (i. e. ending in a vowel). So the coda can be zero, one or two consonants but not more.

Hence these given causes are enough to justify their errors and difficulties to gain proficiency
in English language pronundia.

2-ERRORS IN GRAMMAR AND THEIR CAUSES

The grammatical structure of Arabic, a Semitic language, is very different from that ef Indo
European languages such as English. These great differences must be borne in mind while
teaching to the Arabic speakers.

The basis of the Arabic language is the thwessonant root. A notion such as writing,
cooking, or eating is represented by three consonants in a particular order. All verb forms, nouns,
adjectives, participles, etc. are then formed by putting these-ribwé consonants into fixed
vowel patterns, modified sometimes by simple prefixes and suffixes.

Example #1

Root K/ It/ b/ (=writing)
A person who does this for a living katib (= a  writer)
Passive participle maktoob (= written)
Present tense yaktubu (= he writes)

Example #2

Root il Irl /n/ (= wounding or cutting)
A person who does this for a living is" jarraah" (= a surgeon)
Passive participle mjaooh (= wounded or a battle casualty)

Present tense yajruhu (= he wods him)

There are over 50 such patterns. While not all forms are found for each root, theotiserant
root is the structural basis of the language.
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It follows that Arabic speakers have great difficulty in grasping the confusing range of patterns
for all words in English; that nouns, verbs, and adjectives follow no regular patterns to
distinguish one from another, and may, indeed, have the same orthographic form. Such
regularities of morphology as English has, particularly, in the area of affixdshevileadily
grasped by Arabic speakers, eigg, -able, un, etc.

2.1 Word Order

In formal written Arabic¢ the verb comes first followed by the subject. This convention is
followed more in writing than in speech, and may transpose to English writing:

eg. Decided the minister yesterday to visit the school.

2.2 Questions and Negatives; Auxiliaries

The auxiliary "do" has no equivalent in Arabic. Where no specific question word is used, a
question is marked only by its rising intonation:

e.g. -You went b London?

-You like coffee?

Note that the Arabic for "where?" is ( "Ayna " which is often confused with dialect "wayn?",
"when".

Negatives are formed by putting a particle (laa or maa) before the verb:

e.g. He not play football.

2.3 The Verb to B2

There is no verb "to be" in Arabic in the present tense. The copula (am, is, are) is not
expressed. It is therefore, commonly omitted in English by Arabic speakers, particularly in
present progressive forms:

e.g He teacher.

The boy tall.
He goingto school.
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2.4 Pronouns

Arabic verb forms incorporate the personal pronouns, subject and object, as prefixes and
suffixes. It is common to have them repeated in English as part of the verb:

e.g. John he works there.

2.5 Articles

Thereis no indefinite article in Arabic, and the definite article has a range of use different from
English. The indefinite article causes particular problems as it is commonly omitted with
singular and plural countables:

e.g. - This is book or This book ( for - Thisis a book )

- He was soldier

When the English indefinite article has been learned by the Arabic speaker, it tends to be used
wherever the definite article is not used:

e.g. - There are a books.
- lwant arice.
There is a definite article form in Arabic, though it takes the form of a prefix [lais used,
as in English, to refer back to indefinite nouns previously mentioned, and also for unique

reference (the sun, on the floet¢.)

The most common problem with the definite article arises from interference from the Arabic
genitive construction:

Arabic
English
John's book. (or The book of John.) Book John.
A man's work. (or The work of a man.) Work man.
The teacher's car(or The car of the teacher.) Car the teacher.

Most errors of word order and use of articles in genitive constructions are interference of this
kind:
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e.g. - This is the book the teacher.
- This is the key door.
It follows that Arabic speakesthave great difficulties with the Saxon genitive construction.

The special cases, in which English omits the article, e.g. in bed, at dawn, on Thursday, for
breakfast, etc. usually take the definite article in Arabic:

e.g. - Atthe sunset we brokeun fast.

- What would you like for the breakfast?
All days of the week, some months in the Muslim calendar, and many names of towns, cities
and countries include the definite article in Arabic, which is often translated, appropriately or
not:
e.g - We lived in the Cairo.

- We had a flat in the Khartoum.

- On Monday we went to Cardiff.

2.6 Adjectives and Adverbs

Adjectivesfollow nouns in Arabic and agree in gender and number. This may cause beginners
to make mistakes:

e.g.- He is man tall. (for He is a tall man.)

Adverbsare used less commonly in Arabic than in English and, except for adverbs of time; do
not have a fixed pattern. Adverbs of manner are often expressed in a phrase: quickly is expressed
"with speed", and dangausly as "in a dangerous way." There is frequent confusion between the
adjective and adverb forms in English, and the adjective form is usually overused:

e.g. - He drives very dangerous.

2.7 Prepositions and Particles

Arabic has a wealth of fixed prepbsns and particles, with both verbs and adjectives. Many of
these do not coincide with their direct English translations:

e.g. toarriveto
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to be short of
afraid from
angry on
near from
an exgert by
Some prepositions have verbal force:
- "On" expresses obligation:
e.g. Itis on me that | pay him.
"To" and "for" express possession:
e.g. This book is to me / for me. (for This book is mine.)

- "With" expresses present possession:
e.g. With memy camera. (for | have my camera with me.)

- "For" expresses purpose:
e.g. | went home for (1) get my book. (for | went home to get my book.)

2.8 The Active and Passive Voices

There are active and passive forms for all tenses in Arabic, but they arallyiidentical,
differing only in the (unwritten) short vowel. A passive verb in a text is therefore only
recognizable as such from its context. The passive voice is used far less frequently used in
Arabic writing than in English, and hardly at all ineeyday speech. Thus while the concepts of
active and passive will readily be understood, the uses and forms of the passive cause problems.

2.9 Vocabulary

The acquisition of vocabulary is particularly difficult for Arab learners of English. Only a
minimal number of words in English are borrowed from Arabic. A small range of mainly
technical words, such as computer, radar, helicopter, and television, have been taken into Arabic,
but these are common to most languages. Arabic speakers have very few aatbng aad
listening comprehension by virtue of their first language, and they should not be expected to
acquire English at anything like the same pace as European learners.
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2.10-Writing System (Orthography and Punctuation)

Arabic orthography is a csive system, running from right to left. Only consonants and long
vowels are written. There is no upper and lower case distinction, nor can the isolated forms of
letters normally be juxtaposed to form words.

—~ \

Arabic speakers must, hence, learn an entimely alphabet for English, including a capital letter
system; and then master its rather unconventional spelling patterns. All aspects of writing in
English cause major problems for Arabic speakers, and they should not be expected to cope with
reading or witing at the same level or pace as European students who are at a similar level of
proficiency in oral English.

A Writing Sample

s
B o SN D 5 S
5 o M s o2 - Py -
SLlya 81 @ o dlp ol
@ - 1"',.’ !T L}QT E-L;T (:4:?}:) o !--:"

A srs S ® BAr e gk o

cyardl s oo Zan "c.::-ﬁfi;‘}g

Ea E Xl

B AN e

[ 4]



Journal of Humanitarian, Scientific and Social Sciences
Elmergib University 1 Faculty of Arts and Sciences Kasr Khiar
4" |ssue December 2017

1. In the name of Allah, the Beneficent, the Merciful.

2. Praise be to Allah, the Lord of the Worlds.

3. The Beneficenthe Merciful.

4. Master of the Day of Judgment.

5. Thee (alone) do we worship, and Thee (alone) we ask for help.

6. Show us the straight path.

7. The path of those whom Thou hast favored; not (the path) of those who earn Thy anger nor of
those who gosiray.

Opening sura (chapter) of the Qur'an

2.11 Punctuation

Arabic punctuation is now similar to western style punctuation, though some of the symbols are
inverted or reversed, e.g. aversed question mark and comma. The use of full stops and
commas is much freer than in English, and it is common to begin each new sentence with And or
So. Connected writing in English tends therefore to contain long, loose sentences, linked by
commas andands."

3.SOURCES OF DIFFICULTY

The source of any error in language learning can be overgeneralization, orissoa
learning strategy, spellirg-sound rules, stage of development or learners mother tongue
interference. What is relevant to thisayjus (i) interference and (ii) stage of development. They
are discussed below.

a) Interference

Learners of any language, whether L1 or fic2m hypotheses about the rules of the language
they are learning. In L2 situation, they sometimes rely on thkibackground to form such
hypotheses that will result in a successful or erroneous structure, depending on the feature or rule
being transferred. As far as the English syllable structure is concerned, it is clear that certain
English syllable types do naxist in Arabic and they pose difficulties for Arab learners in
different ways. When looking at the structure of the English permitted onsets, one finds that the
combinations: CC and CCC are going to be problematic ones for Arab learners of English in
geneal. CG does not pose any difficulty for these learners in particular as it is used in their
colloquial variety of Arabic. English permitted codas are more problematic ones than onsets as
the number of consonant members is relatively high. The followengbmations are predicted
to form difficulties for learners: CCC and CCdCis believed that vowels drag words, that is to
say, without vowels it is difficult to produce a string of consonants, as it is difficult for any
speaker to move from one placeaoficulation to another where the articulators are very close to
each other, if not in contact. When having the required practice and experience, one will
overcome such difficulties. Learners without such experience tend to break down the long
combinatiors by inserting a short vowel somewhere within the cluster to declusterize it. This
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declusterization splits the syllable into two syllables that ultimately makes the word easy to
pronounce. Declusterization can be attributed to mother tongue negativaceflugerference.

The interference of Arabic grammatical structure in English writing is quite normal, as
grammatical structure of Arabic, a Semitic language, is very different from that of other Indo
European languages such as English. Arabic laggjissbased on thremnsonant root system.

All verb forms, nouns, adjectives, participles, etc. are then formed by putting theseotitree
consonants into fixed vowel patterns, modified sometimes by simple prefixes and suffixes. Not
only the irregular piéerns of nouns, verbs and adjectives in English confuse the Arabic speakers
also the word order ,questions ,negatives ,auxiliaries, verb phrases, M@b, tpronouns
,articles, adverbs, prepositions and particles, activgpassive voice and ,vocalany .

b) Stage of Development

Language acquisition does not take place at one time but through stages. The learner
constructs a system of abstract linguistic rules, which underlies comprehension, and production
of the target language; this system is egl@at neither to L2 nor to L1 and referred to as
Interlingual communication. At each stage, the learner modifies his/her Interlingual
communication by adding rules, deleting rules, or restructuring the whole system. Such
modifications are based onthelear s6 errors; and if the uttera
no need for any modification. Certain errors belong to beginning stages while others are found in
other stages. Many errors produced by beginners are not found in the Interlingual
communicatn of advanced learners, which means that learners need more time for certain
features to master; a fact that reflects their stage of development in their Interlingual
communication. One might attribute the pronunciation errors found-20)1o the partipants
stage of development.

Conclusions And Suggestions

As shown in this paper, it is evident that certain English syllables are difficult to learn for
Arab learners of English. Although the literature suggested some pronunciation problems which
were pedictable regarding Arab learners of English in relation to some sounds, the main
objective of this paper was to find out the causes that pose pronunciation and grammar
difficulties for Arab learners and what makes them declusterize certain English chatesr
than others.

As mentioned above, this paper aims at three main objectives. In relation to objective one,
participants did make pronunciation errors in which they declusterize certain target language
clusters by inserting an anaptyctic vowel in teset of some syllables as well as in certain
syllable codas.

As far as the second objective is concerned, it is evident from the types of grammatical
errors made by the participants that the sources of such difficulties were interference of
participantsL1 as well as their stage of development. The former was more prominent than the
latter.
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The third objective was suggesting some teaching procedures that may help teachers as well
as learners overcome pronunciation difficulties. The following procedurgist rhe of great
assistance when dealing with pronunciation problems related to consonant sequences:

1. Introducing syllable patterns of | earner s¢
2. Introducing short syllable patterns of English language first,

3. Introducirg long syllable patterns of English language,
4,

Making a comparison between the syllable patterns of both languages pinpointing the
differences, and

5. Putting more emphasis on the foreign syllable patterns in order to eliminate the number
of pre-edited errors.
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Abstract

This research explored some methémtscomputing the hypergeometric function which
can in some cases be difficult to find quickly and accurately. It have found that some softwares,
such asMaple, are of little use in such instances. So, in this case, this research highlights
method to compute a special case of the hypergeometric function which is

F(a,c,z):F(g-E,E,lpéx
4 22

)in a very fast time compared with tidaple

Keywords: hypergeometric function.

Introduction
The calculations of the hypergeometfunction F, of mathematical physics are often

required in many branches of applied mathematics. Despite the importance of this topic, this is
sometimes a very hard in practice. The main reason for this is that the function has the
complicated structure which produces mamteresting mathematical intricacies. The research

will focus on computing one of commonly used hypergeometric functions which is
F@cz=F(&cz,which is also called Kummerfandf uncti
Stegun(1972) [1]. Then, It will define the saddle point of a contour integral because it will help

to improve the method of solution. In the next section, the research discusses estimation the
confluent hypergeometric function usisgddle point. TheMaple software will be used to
compute this function. Therefore, the aim of this research is to find a quick and easy method in
which we can calculate the values of this function which is a reliable for many different
variables. We shall be especially concerned with the case when the magnitadendfz are

large, when special asymptotic formulas have to be developed.
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1 Asymptotic expansion of integrals
1.1 Theconfluenhy per geometric (Kummer ds function)

There are many functions defined as special cases of the general confluent
hypergeometric functionF, (a;b; z),, including the incomplete gamma function, Modified Bessel

functions and Laguerre polynomials &gy are suggested by Abramowitz and Ste{l@7?2)

[1]. The research shall be investigating the regular solutionz@0) often denoted by
M (a,b, z) (as opposed tbJ(a,b, z) the irregular solution of Kummer 6s di fferen

d?w dw
z——+(b- 2)— +aw=0. 1
= ( )dz (1)

Formally M (a,b, 2) is defined by 1 wheréM (a,b, 2) is given by

M (a,b, z)=é (@), z°

s=0 (b)sg
:1+§z+—a(a+l) 2 +2 2)
b b(b+1)2!

wherea,b anda™ e @ 1 ph ¢h of8 h &£ IF ¥ & which is detailed in [1].

The target of this research is not just to use the s@riesit also to find a method to
compute this function usingMaple without using the intrinsic function of Maple

(hypergeom &Yhw My &his special function inMaple can calculate the hypergeometric
functions in some cases, but sometimes we find thatMbple routine s very slow. This is
particularly true wherja| or | z| are large compared fd|. However, to begin research shall
consider howM (a,b,z) can be calculated directly using the setie§his series is solved by
writing code in Maple which calculates the value of the series frem0 to n and termination
occurs wherMaple gets a very small relative error.

1.2 Example
Compute the hypergeometric function using the sériese have:

(). a=150,b=166.Cand z=1.1
(i). a=15000,b=166.C and z=10000.1.

(I means that the number is complex number).
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where accurate to a relative erroref 0.0000000 by:
(a) Method of Series (Code).
(b) Using Maplebs intrinsic function, and t he:

First case(iy by the CodeA, research has got that the value of the conflue
hypergeometric function =[0.36900392014086 0.0012224830148484] where n=12

which means that it has taken 12 steps to find the solution with this relative error. By using the
intrinsic function in Mapli. Hypergeorq [150], [166.0], 1.1 ) = T @ WM T O@YX @E P L
TInNPpCCCT T @ C@Ikwertampare the two solutions, it is clearly that the relative error

quite low which is equal just 4.43 10 .
In thesecond case (ii)the research had found that the solution can not be found by the

= 3
series mthod because the conditicglu%g’2 1 has not been achieved in the code (CAjle
€ u

While Maple have taken more than two minutes (exadBR.63) to calculate the
hypergeometric function. For this reason, research will find anotiethod to compute the
hypergeometric function.

2 Saddle points and method steepest descent
Consider the following integral:

(B = fo(e" Mdx ?)

Herea andM s, chon afd  phand g(x),7(x) are real valuedd(x) could beN E)
functions with g(x) defined as thaq”j|g(x)|dx<o (basically the integrall (t) will exist).

Also, g(x) does not contain an exponential term. What research need is a way of obtaining a
quick and easy estimate fo(t), with an error term which declines quickly agets large. This

can be done using th®addle Point Method of steepest descent, as discussed by Bender and
Orszag(1999) [2].

2.1 Saddle points
The first step is to replace by z ¥ e and consided (t) as a complex integral around

some suitable complex contoGr
[(t) = ﬁg(z)e‘”(z’dz

Now assumef(z) is a well behaved muttifferentiable, analytic function of. Applying
Tayy or 6s Theor eznz@mesut a poi nt

F(2)=F(2)+(z- Z)Fi(z)+E 220)2 Fi(z)+O(z- 2)°. (4
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A saddle point of a complex functiof(z) is a pointz=z, where fi(z,) =0. Suppose
z =z, is saddle point. Then near= z, use integral behaves like:

(2 79)?
2

it[7 (z5)+ fii(zy)]

1(t) ﬁLa%g(Z)e dz ©)

The problem with our original integral:

I(t) = rjg(x)e“f<x>dx

(cogtr ()] +isirt7 ()])a(x)dx (6)

9’3 ZD'

is that ast- = the "™ oscillates faster and faster but does not get any smaller. This
means that we have to consider integrating over the whole interxal [ta,b] to estimatel (t).

If [a,b] is large, such as ib- = this will be a lengthy process, even for a computer. In the case

[a,2), we also have to worry about hog(x)- 0 asb- © to ensure the integral converges.
This may happen quite slowly.

The advantag of the saddle point (steepest descent method) is that it localizes the
behaviour of the integral arounz= z, (Bender and Orsza$999)[2]. This makes the integral
much easier to estimate. To do that we will consider:

- iz %) ZO)Zfii( )
) R, g@e = Tz @

and assum€fii(z,) >0 (the casefii(z,) <O is easy to deal with changl% to T’D in what
follows). To make things easier, assutne' 5 and let C, = path in the complex plane (see

2
figure2.1) such thatC (2) Y z=z+ck*,di (-RR).

Real Line

a

| b % '

I L :.I] L4 1
Complex Plane

Figure2 .: The graph of real line and complex plane.
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+

Clearly this path pases througi+ z, when d = 0. Along this path we have:

it (z-20)2 TR ) P (id )f..(zo)
9(2e 2 =9(z+ae*)e
P _td2fii(20)
=g(z, +ck*)e 2, (8)

Therefore, the integral fo€, will be:

1(t) = Qg(z)e"“z)dz

iP +|tf(zo) P g2 %)
=e* rk 9(z, +aé4)e 2 dd ©)
2 iz)

The functione 2 dies off very rapidly agd| gets large. This means that t@dz is

v

localised to the area very close =2z, The pathz=2z,+c* is called Path of Steepest
it(z- 25)? )

Descant, and along this path, the functien 2 it dies off most rapidly. Such steepest

descent paths are always associated with saddle points. So, the ihfggaébng C, is given by

I[p+tf(zo)] R’ N ‘k)(zo)[aé 4] 2 1iz)

1(t) = A . > dd
e o
¢ il u

. ei[gﬁf(zo)]ef Jp : g(zo)+1!!\/ﬁgii(zo)[es4]2 +3!|J_ (‘”(zo)[e“] 4o 3
Ctfii(z,)° 2!(tfii(z))* w N
S 2 V2 V2

e [}
o Jp o0 & GOk DUz 97 (2] (10)

ey S 9 LTC2Y) NG
& V2 H

This is because we have the fact which is:
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] €2n-1)M p .. _
rfiXZn+ke- pxzdx= ll (Zp)n \/% if k= 0, (11)
to if k=1.
Provided[tfii(z,)/2] is large, the series0 will consist initially of rapidly decreasing terms the

value of N is used to truncate the series when the terms start to increase. Hence, to first order
the integrab along C, will be

_ i[%+tf(zo)] p
I(t).e 9(2), /—t Fiz)2 (12)

2.2 Contour Integrals

The integral 3 can be solved by using the saddle point, as stated in [2, 3]. This will be
done by forming the path of integration as in the figuge

Real Path

S

Figure 2.2: Contour of integration in equatibh

Assuming the functiog(zz has no singularities, we can i nvok

I

-Q-QZ-Q:O. (13

Therebre:
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|(©) = {§9(2e"“dz+ fj g(2)e"“dz+ fj g(2)e"“dz (14

Typically the integral<C, and C, are smaller than the integral alo@g because they do not
pass through any saddle pointsfgk). In which case

@2 and @3)( - compared to@X =

. b _ . o1 ~
Y 1) =R itF () g O i[A4+7 (z)] P +Oa]_0 1
(t) = Qo(x)e”™dx° e 9(z) iR 8?9 (15

2.3 Example
Suppose one has the integral

L2
,éooe't(x - 2x)

N 2—dx fort =10,100,100,2
X“+1

Here 7 (x) = x*- 2x, and g(x) =

x21+l which is well behaved, and dies off sufficiently
rapidly for this integral to exist. So this integral will be estimated by using the saddle point
method.

F(X)=x>-2xY fi(x)=2x- 2

Y 2x-2=0Y x=1

Y z,=1isthesaddlgpoint

Y fii(z)=2
Sonearz,=1lusi ng Tayl @ gies’(Zl=hk+¢zr B°mSet up a steepest descent

P
pathC,(z): z=1+c¢e* throughz=1. Then nearz=1

Y 9(2)=

1 1
5— ~ — soalongC,
X“+1 2
~ eit(xz'zx) R -itd?+2

. 1 .
Y dx° Ze"Re  4dd.
R ™ 25 Ik
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Finally, the result for the integrdit) will be

L

Now the resultL6 will be used to compute the hypergeometuioction 2 from t =10 to
40. The Maple has used to compute the resifitto find the relative error in the approximation
from t =10 to 40 between the result6 and he solution by integration directly iMaple In
this case ,Maple has found the integration hard and had taken a long time to compute it when
got large. On the other hand, with the redéitMaple ha computed the integral much faster, as
will be shown. If we run the codB in Maple, we will get the result as in the table 1 which

shows some values from that result. Note thaheans calculate the time differencévieen the
time for the first solution by the resul6 and the time for the second solution by the integration
directory in Maple, and e is the percentage of error between the two solutions.

(16)

There are some special cagbat have gotten in the table For example, the biggest
relative error was whem=11. Then, the percent of error decreased step by step tun?b
where in this value of, Maple has taken the biggest time to compute the the hypergeometric

function (T =11.123). Suddenly, Maple can not compute the hypergeometric function when

0 ¢ dx )and 28 (where the result4 has computed these vatueery fast). Therefore, some
testes have made for these values to mdiple computing them as shown in the cdgleln

another case, the smallest relative error was wher29. After that, Maple continuesto
compute the values until=40.

The figure2.3shows us the values {if] with the time[T] which is clearly that the time

for computing the hypergeometric function has increasddgass large, where the figueed
shows that the relative error has decreasadgess large.
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Table 1: The table of some valuestokith times[T] and relative errofe].

t Time taken(T,)(secondp e
10 2.777 18.9695638%
11 4.212 20.7301508%
4 4 4
25 11.12¢ 12.2178332%
26 5.58E 9.98169428%
4 4 4
29 6.209 0.172969160%
4 4 4
40 6.006 7.0075886%%
11 o FaN
104 18 \
) ) \\ .
o 14 \//ﬂ
o YV AL A

/

Time values

—h
| o et
|

=
(—— T |

10 20 30 10 10 20 30 10
t values t values

Figure 2.3: Values dft] With Times[T]. Figure 2.4: Values ¢f] with relative errore.

However, if the codd will run with values oft bigger than 40 (for example=60),
Maple may not be able to compute the integral. Therefore, section 3 will find another method to

compute the hypergeometric function for large valuet of
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3 Estimating the Confluent Hypergeometric FunmttJsing Saddle Points

3.1 The anal og of Eulerds formul a

The confluent hypegeometric function F(a,c,z) = F(—- it § ip 4x

4 2'2° 4
important role in the evaluation of the Hardy functi@ft) which gives the amplitude of

) plays an

: L L 1. .
Ri e ma n nunstionzaleng the dritical ling = E+It'

Let us look how we might evaluate the more general fundﬁ()g- % I'D 4x ) Here both of

ON a4 and M s are assumed to be large parameters andsso e sl r]h] N g andq>0

(for simplicity we can assumé>0 and t<O is a simple generalisation). The series
representation of

q it |,0 dX\n
it |p ax ( i *) ( )
S ‘@ &

is totally useless. It would take millions of terms to even make the number start to get
smaller if botht and a are large. Consider some other method whichwi be Eul er 6s i
formula for the confluent hypegeometric function and it is given by:

Fi

F (a,c, Z) — q )C(;(B(g a) n.:}zx w (& 1)(1 X)(c a1)qx

where Rg(c) > Rgqa) >0 and Rgc) = q and Rg(a) =g which is detailed in [2, 3]. Hence

F(g |; |p4§1x)
_ Xq) &'”}X (G-51 (345D
= —F x227(1- %22 Ydx (19
q_it,,q,it b
G(E )G( *)

The respective Gamma functions are well understood and can be calculated quite easily
inMapleusi ng t he f amouS3z2Swhehis vialid §rdage| 5|.eSo theeksy td o r
it ipdx

find an estimate foF (—- > .0, 4 ) is the integral:

()



Journal of Humanitarian, Scientific and Social Sciences
Elmergib University 1 Faculty of Arts and Sciences Kasr Khiar
4" |ssue December 2017

1 |pa?x (q t q it
~

i Y(1- %22 Vax (19

Firstly, let us split up the range of the integral into two paris(O,%)S (%,1). Then for

the second integral make the substitution,

=(1- Y)Y x=1- yY dx=-dy (20)

it

(@3- 2.9 LR

Vet xzz (1-x22 dx
2

_ g pEEn 3.2 (9 L)
= e (1-y) (- dy)
2
ﬁ 1 ipaz(—y) (9.“.1) (ﬂ+il_1)
‘et (@-yz oy??ody (21)

ipd
ipd
This means that the integral 19 equals same integral 20xi‘o(0,%) plus e( 4

multiplied by complex conjugate of same integral fok (0,%). So we just need to know

|p #x

1) Gty

@1 . L .
X2 2 (1- X) 2 2 dx (since we can easily gigs complex conjugate).

e !

o 1 .
Now make a further substitution= Wil This gives us
w

S Sdw,  wi (1,9)
(w+1)
and  1- x="tly o= W
W+ w+1
So the integral becomes
i q it q,it
L fs 1 g s wogee Y - dw
g~ ‘@& —0 &—0
@ cW+1= cW+1= (w+1)
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wé
et e><|0[ |09(W+1)]e><p[

ﬂ
2

1dw

I
Szn

(w+1)°

ipd
log(w)]
Aw 1) 2 dw. (22)

w E(W+1)q

expl,

I
o1

q 149

. . g+l
Now the denominator behaves like 2 =w 2 asw- ©.

Since the numerator is simply a combination of cosines and sines with modulus equal to
1, the integral converges for af| > 0. Now how can we evaluate it? This is where we can use

the power of the saddle point method. The phase of the numerator

pa t,

if (W)_lgﬂ 5 g(W)g

has two large parameters. If we can find the saddle point, we should be able to amange fo
the integration path to pass through the saddle point in such a way and the integral can be
estimated using an asymptotic series with terms

é,° 1 g
@] 8 n=1,2,32
ax(a,t) U
e
This will converge very rapidly, since andt are large. Let us considdr(w).

-pa t
4w+1)* 2w

fi(w) =

t(w+1)* _p dw

2 4 23)

Y

Y W +2w+1=%v

Y W +(2- %)wﬂ: 0,

[ e )
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-(2-”‘5)°\/4+pa Jpd_y

- 2
v we 2t 4t t

pé 1opﬁ /

2 2
2az'1°2az 1'—2
a a a

2 9
22° ,/1-a—zg-1
a* g a g

Y w=

where a:\/g\'( a2=§.
p p

Here, the positive square root is only interested. 23 if a, a real saddle point will be at

2@ 2 g
Wy = 2 dt 1 2 G20 1,m).
a’ g a g

If a*<a?, then no real saddle point exists since the square root is complex. So a crucial

by the variable pc or

sad

change in behaviour occurs & < a=\/g and a >a. Denote w,
p

po(@) and po(a >a)i [1,=). Differentiating again gives

o pd ot
fu(W)_z(\,\/+1)3 2w
_1é péd t @
P per )y o
t € pd g
2p029t(pc+1) 13

v P& _2(pct1y
t pc

from the equatio23

[ &)
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t §2pcz(pc+1)2_1g
2pc’ & pope+l)’

_ t(pc-1)
2pc*(pc+1)

\ fiilw=pc)=

so near the saddle point at= pc

0 _tpe-1) 2 e
f(w) f(pc)+4pc2(pc+1)(w pc)* +O((w- pc)”).

So let us consider the integral as contour integral of the form

opd ot
_ eXIO['(4(2+1)+§|091(Z))]

dz
©) v3
z ?(z+1)"

Suppose we choose as our camtine following in the figur&. 1

Unit Circle

Figure 3.1: Contour of integration #b.

From the pointz=1, move along the unit circle ta=-1i. Then draw a line fronz=-i
P
at an angle‘% (z=-i +se'4, s>0) until it crosses the line originating from= pc at an angle

[ o)
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'% (z= pc+ ueiz ul (-r,r)) as shown. Carry on along this ray until it hits the circle centred at

z=0 of radius R (z=R€? g2 0). Move along this circle until you reach= R In the limit

R- ®© this is equivalent to integrating along the real axis froml to z=1a. Since irtegrand
22 has no poles fow? 1.

_ _ . T (24)
by Cauchyds Theor é2ns.gveHeynce t he integral

_. _ . (29

It would expect that it is the integral through the saddle point that dominates the result.

Now consider what the integration _ will equal, where
O - LA CY)
r('l)c+ue4) B IZLcme‘l) (1 9y dw (26)
P P

Supposew= pc+ue;ui [-r,r]Y dw=e“du

i.e nearpcY f(w)= f(pc)+ %( po)®

2
iu“t(pc- 1) N

v W= tpg+ 4pc*(pc+1)

o)
So the integral6 becomes:

|f(pc)ei%exq Ut(pC 1)]
4pc’(pe+1) ud

@ i2
pc+ue4] 2 [pc+1+ue“]q

° {4

cn@_.m (D (D~ (D

cC

& ipd
O§Xp[4( C+1) 2 log(P) + 4]
)

& pc v (pc+1)°
G

eu X(pc)du

|- O %2 oo

[ &)
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t(pc- 1)

where: X(pc) = ———~2 .
(P9 4pc*(pc+l)

Now providedi &) @l phso thatexd- r2X(pc)]° 0.

We can estimate the integral from tables to give:

a Q
a&pc C 0. Ao 20
x2p Xp[(( c+1) 29(|0) )]oep(pc+1)ﬂ & 4, &8
e Al tpe-D) & B (po) 8 §
& pc" 2 (pe+1) o g "9
(; =
where the valué)ﬁ 5- 0 ast gets lage and large. Hence the integzélbecomes:
8{; (pc)§ '_8

o S\/PC @€ [p(pc+1) 8 pd .t p
SPC+1ue t(pc-1) u XIO[( a(pc+1) §|09(IOC)+Z)]- (27)

Now if the other integrals in the right hand side from the equatiare small, i.e:

~ -'B
andf, . L

ip &
ipd

Then our integral 9 equals tle resul27 pluse # multiplied by complex conjugate of the
result27 also. Thus,

~ P
‘Ia)cwel“)

‘Q(O)’ @

- 0)

"’gx (ERE (94t a)
27(1- %22 V=

1

P

M\.Q

L&\/pc @€ [p(pc+1) 2 pa p
gpc+1ge t(pc-1) @ xp[( 4(p +1) 2 log(po) + )]

ipd
+t%“‘eXIO[ i(

p
T C+1) ~log(po) +2 )1;

=4elp8‘¥2\/—cﬂe p(pc+l) & g Sé— Llog(pg)- mg
@pc+1u ei\l t(pc-1) u g4 2 8(pc+1) u
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Hence, research arrives at the final estimate for cenflbypergeometric functior

FA.- it q ip 5X)o Ga) 46'”26\/ coe /p(pc+1) 2
2 277 4 G(E 't)G(q ) gpc+1ﬂe t(pc- 1) u
2

3cosé£+ og(pg)- ZA(PC-1E (g
8(pc+1) {
2a% € a’ 9 8t
where pc= él+ 1-—u1l 1,m), a=,— anda >a,
a’ g a’ yo,
2 2
which is valid agt - =. Also,if a- &Y pc° 4612 -1Y pc+le —-
a a
4a2
("2 2)
Y X(po)= tlpe-1) o a
4pc®(pc+1) 4(
2
4 a
, ta‘(da®- 2a%) | ta”(4- 2?)
2 2 2\2 2
16a“(4a“- a“) 16&4(4_12)2
a
2 3 3

wherea- aoY %- 0Y X(po)®° so this should be valid provideal < t*.

2a4’

In fact, although we shall not show it here the approximation above is valid fof alb
3

evena >t4. So we can also take thmit a- =.

Now we will consider the integrals which we have ignored5nThe integralsﬁ o 0
R

as R- @& and R, -i? —exponentially quite small. Therefore, we shall show that mibegral

i+se 4)

ﬁl(O) does not contribute to the hypergeometric function. We have the integral

ipd Ly
~ el 4(w +1) 2 log(w)] dw 29)
10) W( ) (W+ 1)q
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where C,(0) is the unit circle. Let us to suppose=C,(0)=€”;f1 [0, %]. So

1 1
w+1  (coq(f)+1)+isin(f)

_ (cog(f)+1)- isin(f)
(cog(f) +1)* +isin’ ()

_ cogf)+1  isin(f)
" 2(cogf)+1) 2(coqf)+1)

i sin(7)

_1 isin(f)
"2 2(cogf)+1)

So the integral9 becomes

exp] p dsin(f) ) E]eif

ip &
ie"g 2 8(cogf)+1) 2

df

N

a ,
(e")(1 2)[1+e"]q

Note that whenf is small and negative, the expent of the exponential term behaves

like - %([%- t]|7|) since a >a the exponential term declines very rapidly &aschanges

from O to - % Now make one further substitom

w=_Sin(F) [0,- 1], wheref i [0,- 2]
coqf) +1 2

dx _ cog(f)[1+cos(F)] +sin(F)? sin(f)

Y
dr (1+cogf))?

= ; = }(1+ XZ)
l+coqf) 2

2

Y o df=—"_dx
(1+x%)

[ o)



Journal of Humanitarian, Scientific and Social Sciences
Elmergib University 1 Faculty of Arts and Sciences Kasr Khiar
4" |ssue December 2017

2X
1+ x?

sin(f) = x(1+coqf)) = Y 1+ coqf) =

1+ x?

\ ezt
1+ %°

(1- x* +2ix)

f= cos’lél_ x 8

1+¢/ =1
1+ X

(2+2ix)

— eitan'l(x)
1+x

. . 4a
¢ df = (e

S0 = g
(1+€")?

df
i) ir
(€") > (1+e")’

g Al-xX*®@
eXpé%COS]%j_z:
_ é ¢ltxx , 2 dx

o

a

2 8 .
8%-"‘7)(28 expliq tan * (X)]

eXp(:;iq cos ]%g x Sﬁ
(S 2

(1-q) ~2 + x° =2

2 3 € ¢ “Ugx

T @A expliq tan ()]

2-a)
T @D dx

o _ 2 ~ .
becauser;os;l%LJr iz §: 2tan *(X); xI (- 1,1). So the integraP9 transforms to:
g —_—

pa2X o 2 =~
-t al- x
. e & exp[-—arcco
ind a1 2 éﬁ+x2§

ie 8 m 2(q_1)(1+ Xz)(l—q)

dx

(o)
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ind
Clearly, this integration will equal a real number tines® i.e:

% ip &

~ dx=ie ® * RealNumber (30)

p &x ° 2
-t al- x

_ e & exg—arcco
i 2 éﬁ+ NG

L, — 1

8 ~
R " N PN

Now in the confluent hypergeometric function, we have found the intégeduals same
ipaz2
integral for xI (O,%) plus e 4 multiplied by complex conjugate of same integral for

x| (%,1). However, the contribution around the unit circfgp(o) is given by29 for the integral
1

x| (O’E)' So the contribution to the integra® from integrals around the unit circle is:

ip & -ipd ipd
ie 8 3 RealNumber-ie 8 e 4 3 SameRealNumber

ip &
ipd
=ie 8 [RealNumber- SameRealNumber]= 0.

So the integralfjl(o) in 30 does not contribute the confluent hypergeometric function.

Therefore, our confluent hypergeometric function can be estimated very accurately from the
saddle point integral throughc along as we will see in example 3.1.1.

3.1.1 Example 1
Compute the hypergeometric functi@i from t =500 to t =1000 where a =100 and
g=1.5. Maple will be used to find the first solution by the reseftand for the second solution
by Maplebs intrinsic f wseahoihofrthe reuiBaridMaplf ¢ @ st |
intrinsic functionto get the time difference between the time for the first solution and the time
for the second solutionT(). In the second case, the same methods have used but to get the
percatage of error €). Two graphs are sketched by using these values with the valteSaf
if we run the code&C in Maple, we will get the result as the two graphs below (figuresand

3.3). The figure3.2 illustrates dramatically incremental relationship betweend the timeT .
When t gets large and large, the time difference between the two solutions will increase
gradually, which wi be more clearly in the next example 3.1.2. While the figuBshows the
inverse relationship betwednand the relative erroe. which means ift becomes larger and
larger, relative errorwill fall dramatically. This gives us a very similar result for the

A

computerized result by Mapleds intrinsic func:

[ )
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EF values

Time values
=
i

(=9
(=]
|

6.6+

700 800 200
t values

500 §00 1000

Figure 3.2: Values oft] With Times[T].

0.8 I
0.7 ,\
06 \\
) ‘Nll,J
500 600 700 800 200 1000
t values

Figure 3.3Values of[t] with relative errore.
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3.1.2 Example 2
Compute the hypergeometric functidpiif t =10000a =1000 and g =1.5. by:

(@) Theresul8. () Usi ng Mapl ebs intrinsic function.

In the first case(a), if we run the coDen Maple, we will get the value of the confluent

hypergeometric function =[1.272100223 10°*'°+1.288330282 10°*'1] and [T =0.234]

which means it has taken fractions @fsecond to calculate the confluent hypergeometric
function. However,Maple had spent for more than 4 hours to get the result using the case (b)

and it did not stop.

4 Conclusion

This research has given a brief overview of the hypeng#ac function and its
importance in the present time. It focused to compute one of commonly used hypergeometric
functions in applied mathematics. So, it has found a quick and easy method to compute this
function compared with thélaple where this method can help to save time for anyone who is

interested in these functions. Thus, future research should be to find the most effective methods
to simplify the computation of the hypergeometric function, as it is an important factor in the
exparsion of applied mathematics, which it will open severaéotiomains in applied science.

References

[ 1] Abramowitz, M. and St egun, DdverPubliebéiamsli b o o k
INC New York. (1972), chapter 13.

[2] CarlM.Benderand8tven A. Orszag. AAdvanced Mathemat:i
En gi n Asgmptotic Methos and Perturbation ThedNC New York: Spring.(1999),
chapter 6.

[ 3] Yudell L.Luke. AThe Spe Academic PrestlewtYork ns and
andLondon. (1969), chapter 4.

The code of Maple
There are four codes have written for this research. These codes can be received by sending an
email toheshamalzowam@yahoo.com

The list of codes:

1. CodeA computes the seriésby using the series method.

2. CodeB computes the hypergeometric function by using Taylor series 4.
3. CodeC computes the hypergeometric function by using the résult

4. CodeD is a very similar to the code but it uses when as a single value.
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Fekete Szeg0 inequality for Certain Subclass of Analytic Functions
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Abstract:

In this present work, the author obtain Fek®mego inequality for certain classes of
parabolic starlike and uniformly convex functions involving certain generalized derivative
operator defined in [1].

1 Introduction
Let A denote the class of all analytic functions in the open unit disk
U={zl C| z|<1},

and LetH be the class of functiorfs in A given by the normalized power series
f(z)=z+44a 2, (ziv) (1)
k=2

Let S denote the class of functions ivh are univalent inJ.

A function f in H is said to be uniformly convex it if f is a univalent convex
function along with the perty that, for every circular ag contained inU, with centreg also

in U, the image curvé (g) is a convex arc.Therefore, the classiniformly convex functions is
denoted byJCV (see [3]).

It is a common fact from [12], [13] that, far] U ,that

f I ucv sz.(z) 203y (z 0. 2
| fi2) < Al f2) +—} ( ) 2)
Condition (2) implies that

L2f |(z)
f(z)

liesin the interior of the parabolic region

R:={w:w= u+iv and V<2 ud},

[ =)
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for every value oz U. Let
P:={p: pl A0)=1 and A ¢ »>0; ziu},
and
PAR={p pp P and @J E R

A function f in H is said to be in the class of parabolic starlike functions, denote&Fbycf.
[13]), if

zfi(z) ,
Tie) iR ,(zIU).

Let the functiond given by (1) and
g(z)=2+& R 2. (zIV)
k=2
then the Hadamard producbnvolution) off and g, defined by :
(f *g)(2)= z+k'ai‘zqu %,( ziu).

Now, (x), denotes the Pochhammer symbol (or the shifted factorial) defined by

N 1 for k=0,
O =T 1) x 2)x k 1) for k NI={1,2.3,.)

The autlors in [1] have recently introduced a new generalized derivative operator
1 ™(/,, 4,1 n¥ ) as the following:

to derive our generalized derivative operator, we define the analytic function

m T R ¢ K N (I
./ ( {’ 21I )(Z)_Z+ka:2(1+|)m-1(1 '|/2(k ]:))m Z, (3)

where mi N,={0,1,2,..}and/,2 [ 20,| e.

Definition 1 For f I A the operatorl ™(/,, 4,1 n) is defined by
1™/, 41 Nn)A- A

1"/, 4ln)Y @)= T( 1L 1e)* R (2, (4 L), 4

[ )
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where mi N,={0,1,2,..} and /,2 {20, ®, and R"f(z) denotes the
Ruscheweyh derivative operator [4], and given by

R"f (z)= z+é dnkaz(nN, zU),

) - (n +1)k—1
Lr

If f i H, then the generalized derivative operator is defined by

wherec(n, k

"0 40X @) =248 G

c(nkaz,

where n,mi N,={0,1,2,..},and/,2 { 20,] 8¢ ,k):_(n(;')l)k_ll
k-1

Special cases of this operator includes:

1 the Ruscheweyh derivative operator [4] in the cases:
1*(/,0l n)*1*({,0,0n )4 *(©0,0,n )I° (0,,/,0,
11°0,0,0n) 41 ™(0,0,n ) L™* (0,0,®, )R
Yithe Skl &gean derivative operator [5]: | ™%(1,0,0,08: S,
1 the generalized Ruscheweyh derivative operator [6]: 12(/,,0,0n ) R,

fthe generalized &l &gean derivative operator introduced by -@boudi [7]:
| ™(/,,0,0,0)t' S},

Yithe generalized AShagsiand Darus derivative operator[8]™(/,,0,0n )? D/,

1 the Al-Abbadi and Darus generalized derivative operator|[9/,, 4,0,n)! ,’lﬁz ,
and finally
1 the Catas drivative operator [10]"(/,,0l n)* 1 ™(/ W)

Using simple computation one obtains the next result.

(+DI™ 0L Ay @)=@+ - N "CnLhlh)* (e )i @)

[ )
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1z[(0"C 4 N '/, 4D@)]- (5)
Where(zi U) and/*( {, ,{I)(@z) analytic function and from (3) given by

-1 _ lul 1 k
/(4 zll)(Z)—Z+ezmz .

Definition 2 Let SP™(/,, 4,1, n) be the class of functiorfsi H satisfying the inequality :

z(17(/y, 41 MF @i 4. z207CL7 5 1 n)f (2)

i .
1™/, 410X @) < A "/ UnY @) Lo (z ). (6)

Note that many other operators are studied by many different authors, ssarfgple
[19, 20, 21]. There are times, functions are associated with linear operators and create new
classes (see for example [18]). Many results are considered with numerous properties are solved
and obtained.

However, in this work we will give sharp uppbounds for the Feketézegd problem. It
is well known that Fekete and Szego [14] obtained sharp upper bounps, fora’ | for the
casef | S and mis real. The bounds have been studied byyrsince the last two decades and

the problems are still being popular among the writers. For different subclasSeshef Fekete
Szeg0O problem has been investigated by many authors including [14, 12, 15, 16, 17], few to list.
For a brief history of the Feketgzegd problem see [17].In the present paper we completely

solved the Feket8zeg6 problem for the cla&P™(/,, 4, 1, n) defined by usind "(/,, 4,1 n).
2 FeketeSzeg0 problem for the clasSP™(/,, 4,1, n)

Here we obtain sharp upper bounds for the FeRetgo functionala, - 77&2 | for functionsf
belonging to the clasSP"(/,, 4,1, n),
Let the functionf , given ty

f(z)=z+a3Z +aZ2 .+, (z U), (7)

be in the classSP"(/,, 4, 1,n). Then by geometric interpretation there exists a function
satisfying the conditions of the Schwatemma such that

z(1™(/,, 4,1,n)if (2))

U Y @) =qWw(z)), (zI V).
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It can be verified that the Riemann mgpof U onto the regionR , satisfyingq(0) =1 and
d,(0) >0, is given by

1+ J_
1 |
q(z) = +p (log \/—

n-1
e T

P nlnk12k+1) ’

=72 +7 )% (z ).

Let the functionP, in P be defined by

P@)= =Gz g2+, (2 U)
Then by using
W(Z) — pl(z)_ 1
p(z)+1’
we obtain
_ GRS c
piA+ [ )" B
and

4+ )@ 2, ) © -C—12(1 ﬁ))
prA+2{ 40 BHO 2y ° 6 .

8 =

These expressions shall be used throughout the rest of the paper.

In order to prove our result we have to recall the following lemmas:

Lemma 1[11] If p,(z)=1+cgz +¢ Z -+ is an analytic function wh positive real part inJ,
then

& -du R if u o,
lc,- uc? | ¢ 2 if 0 & XL
boau+2 if u2l.

[ )
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1+Z; or one of its radtions. If

When v <0 or v >1, the equality holds if and only ip,(z) is (

2

0 <w <1, then the equality holds if and only ff,(z) is 1+Z

> or one of its rotations. If/=0,

the equality holds if and only if

al 1 _ &tz 1al1l_1-2
—Et-a g t—g-a—p (0 akl),
P(2) 85 2" ¥z 882 142 ( )

or one of its rotations. I/ =1, the equality holds if and only ip,(z) is the reciprocal of one of

the functions such that the equality holds in the case ®0. Also the above upper bound is
sharp, and it can be improved as follows widenu <1:

lc,-uc?| +de,| &  (0< u%a:)
and

- €L Dle | & f < u)

Lemma 2[2] Let h be analytic inU with A{h(2)}> 0 and be given by
h(z)=1+qgz +g Z ., for zi U, then

2 2
Ic,- S e 196
2 2

Lemma 3[11] Let hi P whereh(z)=1+gz +g Z -+.
Then lc, 62, niN,

1 1
and |- ~m @2 $(mY D

Theorem 1 If f be given by (1) and belongs to the cl&8®™(/,, 4,1,n). Then, |a,- & | ¢

[ =)
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€ 16+l @42,y AmLi+* (1 #3" (1 244 &+ 2) 1 .
1 =) [ - — —2 |f m q‘é‘,
TPAA+2 [ 4V 0 BHh 2y WL K DAFTPQ 2, 7K 1) 3+
| By, i s s ®)
i prL+2{ )0 B0 2y
T 6@+ yt@+2, ) 1.4 4+ Y@ +4P"@ 2,/1% 2% .
| [=+— : if m g,
pAA+2 (+)™(n 4)n 23 p* AL #k D-1FHVQ 2, R0 1& +
where
m (m-1)
5o (2@ +{ e 1y o+ Sp) ©
@+ @ A,)"A 2{ 170 2)
_ @2, @+ Ve 1y p?
52_(1+|)m-1(1 4,1 2{ | ¥6 z)gr 242' (10)
eah of the estimates in (8) is sharp.
Proof: An easy computation shows that
ool 2N, )
& 2 70 B0 2
ot Y LN
c P+ ()AL 2,00 1y 3 Cp:
201+ )" 2, )
pr+2{ )"0 BHO 2
agml+1 )" (L +4Y" (1 2,/1 )0 2+5 8 I?Pllz 22 Cz'lf (12)
(

& P+ [ 47" 2,00 1y 3

If n? g, then the expression insidi#e first modulus on the rigiitand side of (12) is
nonnegative.

Thus,by applying Lemma 3 ,we get

16(1+H @ +2, )
P2 AT B D
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QAmI+ I V" A +4P" A 2,/1 %0 21 4 &
= (0T 2 B 8

(13)
which is the assertion (8). Equality in (13) holds true if and onjg,if= 2. Thus the functiorf
IS k (z;0;1) or one of its rotations for> s.

Next, if m¢ g, then we rewrite (11) as

21+t @ 2,

w2 e v

(éjfﬂ(]z_+|)m-1(l Z(fq_)j)m(l elfnl H 2)r1 _82 % 2,
¢ PA+ {4771 2,070 1y 3 -

8 8L+ (1 #"@ 244 e+ 2)¢
e, * 2 1
(;3 p @- 1+V)2(n']')(1 22 ﬁ'(‘ 1)

16(1+1 Y@ +2, ) ai
pPA+2{ )"0 BHO 2

The estimatgg, |¢ 2 and |c, |¢ 2, after simplification, yield the second part of the
assertion (8), in which equality holds true if and only ifis a rotation ofk (z;0;1) for m< gs,.
If m= s,, then equality holds true if and only|i, |= 2. In this case, we have

_al+n b7 1an1l -

z)= A— + 5 (0 m<l;z U).
SN P A A :
Therefore the extremal functidn is k (z;0;77) or one of its rotations.

Similarly, m= g, is equivalent to

81+ )" (1L +4y (1 2, /1% 2+5 8 _
PP+ { 40 2 M0 1y 3 p

0.

Therefore, equality holds true if and only|i€? - c, |= 2.

This happens if and only if

1 al+n o« 137 1 &- .
= F— + 5 ,(0 <1z U)
o) E2 £, F 18 )

Thus the extremal functidn is k (z;p; & or one of its rotations.

(=)
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Finally, we see

211 )" (1 42, )

|""3'”32|:p2(1+2(+)”“1(n Ho 2
1, A8 2 8mI+I)"'AL 44T 2./1% 246
g Eep_z 3T AP 2,00 B o

and

max‘ngg B+ "L +4P" (1 2, /1 %0 2 o 5. o 9

p* 3 P+ JAYTEL 2,060 1y |
Therefore, using Lemma @ie get

201y @42, @
w2 70 Bo 28

_ 8(L+1 )"t 2, )
prA+2{ 40 BO 2

If s,< m .5 then equality holds true if and only €, |=0 and |c, |= 0. Equivalently, we
have

21 @ 1
Ias-fmzlvp 2(2 2I<:1?) &

Jf s, ¢ m s

2

,(0¢n d;z 0).

_1+nz
P(2)=

ZZ

Thus the exemal functionf is k(z;0;0) or one of its rotations.

3 IMPROVEMENT OF THE ESTIMATION

Theorem 2If s, ¢ m¢ s then in view of Lemma, Theorem can be improved as follows:

2 8 (1+/, 4)™PQ 24)"60 1y P>y 0
12 2 | Jgem(1+|)m-1(1 L 2 P02 24 %2?

8(L+1)y"t@ +, )
pPA+2 (k -1) WO 1 2)+

[ =)

(s, ¢m ¢y,
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and

(A, AP0 240 1, P
@omavra af ra of 22 RT

|a;- 85 | £

8(L+1 (L 42, )"
pFA+2 (K 1) W L 2+

wheres, and s, are given, as before, by (9), (10), and

(55, ¢tm ¢y,

53: (1+2/2)m(1+{ I+)2(m-1)@ 1)|- g_1+_2)
L+ A" 2 1y 2% 1

Proof: For the values of, ¢ m¢ s and from Lemma 2 we have

|lay- ma; | € m-3la, f

2L+ 1)yt w2, ) e2( F)Jgeg 8L I+" (1 #™ (1 2344 Y+ 2)%1

2
prA+2{ )"0 BO g 2|l ¢ P 3 A VTRV 2, Fh1)

160+ ) (142, ' & AL A 2k P B
prA+2({ )" Bn Z}g L 2N 7+ 1) + 22 al

2(1+1 y"H(L 42, )" L, A8 2 8L M@ 24 )+ 2)
Pz e vo 2 o0 % F T g a2, 58 D) EF
a8m(1+|)m1(1 +/Y"( 2,71 % 2)+_8 1 g 3
c PP+ (4YTP 2 0 1y p3 L

__ 8@y s,y
PPA+2 {4770 BO 2

Similarly, if s, ¢ m¢ s we can write

[ =)






