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Abstract:

In the past the logistic equation where applied to real numbers and produes
no dispersion and chaos, in this paper, we present the equivalent system of
complex logistic equation. We will study parametric behavior on discrete dynamic
system of complex variable, and study some dynamic properties such as fixed
points and their asymptotic stability, Lyapunov exponents, chaos and bifurcation.
Numerical results which confirm the theoretical analysis are presented. It is noted
that dispersion and chaos have accured. We have used AL-Matlab to clarify the
bifurcation diagrams and chaos both in 2D and 3D.

Keywords: logistic equation, fixed points, stability, Lyapunov exponent,
bifurcation, chaos, chaotic attractor.

Introduction:

A dynamical system can be continuous or discrete, these systems can be applied
to real and complex numbers.

Consider the logistic equation

Xpe1 = pxn(1—x,) n=0,12,.. (1)

Where p is complex number p = a + ib, then the Logistic equation (1) will be of
complex variables
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Zpr=pZy(1—2,) n=012.. (2)

And we call it a complex discrete dynamical systems.
In [4] the authors studied the dynamic properties of the Logistic equation (2).
Our aim of this paper is to study the dynamic behavior of

Znsr = p Zy (1= ZnZy), n=012.. (3)
Where Z, = x, + iy, ; X,y € R, with initial conditions Z, = xo + iy, , |Z| <1

We will study some dynamic properties such as fixed points, stability, bifurcation,
and chaos. Through these properties we will explain the parametric temperature
on the equation (3) in two cases p is real and p is complex.

The system with real parameter:
First, we must convert the equation (3) to system of equations as follow:

Xn41 T WYn41 = p(xn + iyn)(]- - (xn + iyn)(xn - iyn))-

which gives

Xn+1 =P xn(l - xrzl _yrg)!
(4)
V1 =P Yn(1 = x5— yi).

1-Fixed points and stability:
The fixed points of the equation (3) is the solution of the system (4) ,[see 6]

{ x=px(1—x%-y?),

y=p y(l—x*-y?).
Then:
Let x =0 we get

{0 =p(0)(1-0-y?),
y=py(1-0-y?).
1=p(1-y?

+ /1 !
Yiz =% —_—
1,2 p

Now let y = 0 for the system we get
{xsz(l—xZ—O)
0=p(0)(1—x*-0)

1
X12 =% 1_;

(280)
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Thus:
we get four fixed points we choose some fixed points, namely

e fix; =(0,0),

o fixz = (—\/17—%,0).

By considering a Jacobian matrix for each of these fixed points and calculating
their eigenvalues , we can investigate the stability of each fixed point based on the
roots of the system characteristic equation. (see [3])

The Jacobian matrix is given by

i A 5 5

= v _ (p—3px - py —2pxy )
f2 0f2 —2pxy p — px? —3py?
dx 0y

The Jacobian matrix at fix; = (0,0) is

_(p O
](0'0)_<0 p)'

The eigenvalues of this matrix are given by

- A

_Al=0=|" 0
Iy /11|_0_| 0 p_ll.

Thus the characteristic equation reads
P(A)=22=2p2+p?=0

and has the roots

—b +Vb?% — 4ac
/11’2 B 2a

Thus the first fixed point is stable if
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|2l <1 (i =1,2) [see5], this mean that:
lp] <1 thatis —1 < p < 1.

While the fix, = ( ’1 — %, 0) yields the following characteristic equation

FQA)=2+Q2p—4)A—(3B3-2p) =0.

Then the second fixed point is stable if |A;]| < 1;
|[A,] <1, Thatis 2>p>1

It is pretty clear that the fix; = (— /ijl, 0) yields the same characteristic
equation. So, the fix; is stable if 2 > p > 1.

2- Lyapunov exponent

Since the Lyapunov exponent is a good indicator for existence of chaos,
the Lyapunov characteristic Exponents (LCEs) play a key role in the study of
nonlinear dynamical systems and they are measure of the sensitivity of the
solutions of a given dynamical system to small changes in the initial conditions.
One feature of chaos is the sensitive dependence on initial conditions; for a
chaotic dynamical system at least one LCE must be positive. Since for non-
chaotic systems all LCEs are non-positive, the presence of a positive LCE has
often been used to help determine if a system is chaotic or not.[see 7]

Figure (1) shows the LCEs for the system (4) with the parameter values p
and initial condition (xg,yy) = (0.4, 0) , We find that LCE1 = 1.0969 and
LCE2=10.0082 .

LCE

Figure 1: Lyapunov exponent of the system (4).
3- Bifurcation and chaos

In this section,the numerical experiments show the dynamical behavior of the
discrete dynamical system (4) as follows:
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x0=0A1 ,y0=0

p
Figure2: Bifurcation diagram 0f (4) x vs. p.

We see clearly in Figure (2) the fixed point is stable at p between

[-1,1], and stable also from p between [1,2], the bifurcation from a stable fixed
point to a stable orbit of period (2) at p = 2.2 ,and then the bifurcation from period
two to period four at p between [2.4,2.5]. The further period doubling occur at
decreasing increments in p and the orbit becomes chaotic for p = 2.6.
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Figure4: Bifurcation diagram 0f (4) |Z|vs. p. Figure3: Bifurcation diagram 0f (4) y vs. p.

Figure (3) shows the bifurcation diagram of y versus p, while Figure (4) shows
the bifurcation diagram of |Z| versus p.

4- Chaotic attractor:

In this section we are interested in studying the chaotic attractor for the system

“4).

xU=0. 1 .yU=0.1

01 02 03 04 0s 06 07
X

Figure 5: chaotic attractor of (4).
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xU=0,1 .yJ=0

Figure 6: Bifurcation diagram 0f (4) in 3D

The System with complex parameter:
The system (3) with complex parameter p = a + ib, where a , b €R can be
written on the form:

Xpi1 = axpy (1 — x5 — y2) + by, (=1 + x5 + y72),
(5)
Yn+1 = ayn(l - xrzl - Yr%) + bxn(l - x% - yﬁ)

1-Fixed points and their stability:
When solving the system (5) we get a circle with center (0,0) and radius

a
@

Then the system has infinite number of fixed points located inside the circle and
satisfies stability condition.

2- Lyapunov exponents:

Figure (7) shows the LCEs for the system (5) with the parameters
p = a+ib and initial conditions (x,,Y,) = (0.2, 0), we find that
LCE1=0.6778 and LCE2 =0.0031 .

05k}

LCE

1 [ /

Figure 7: Lyapunov exponent of the system (5) where a=0.4.
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3-Bifurcation and chaos:
In this section, The numerical experiments show the dynamical behaviors of the
system (5):

a=0.04|x0=0.2,y0=0
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Figure8: Bifurcation diagram 0f (5) x vs. b  Figure 9: Bifurcation diagram Of (5) x vs. b.
a=0.4,x0=0.2,y0=0
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Figure10: Bifurcation diagram Of (5) x vs. b.
we see clearly in Figure (10) the stability of fixed points are inside the circle ,
and the bifurcation from a stable fixed point to a stable orbit of period 2 at b=1.1,
and we note that from b=1.2 to 2.3 the bifurcation type is called hopf bifurcation ,
and the orbit becomes chaotic for b= 2.4.
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Figurel3: Bifurcation diagram 0f (5) |Z|vs. b. Figurel2: Bifurcation diagram O0f (5) y vs. b.
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Figure (12) shows the bifurcation diagram of y versus b, while Figure (13) shows
bifurcation diagram of |z| versusb .

4- Chaotic attractor
In this section we are interested in studying the chaotic attractor for the system (5)
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Figurel4: chaotic attractor of (5).

a=0,4.x0=0.4.y0=0,1

Figurel5: Bifurcation diagram Of (5) in 3D.

Conclusion:

The stability of these fixed points depends on the values of the parameter.
Bifurcation diagrams as well depend on the values of the parameter. The discrete
dynamical system with real parameter has different dynamic behavior from that
system with complex parameter, the stability region of the system shrinked in case
of complex parameters.

References:

[1] Abarbanel, H. D. 1.,Rabinovich, M. 1., and Sushchik, M. M., Ittroduction to
Nonlinear Dynamics for Physicists. Singapore, World Scientific, 1993.

[2] Benettin,G., Galgani, L., Giorgilli, A., and Strelcyn,J.M., Lyapunov exponents
for smooth dynamical systems and for Hamiltonian systems: a method for
computing all of them, part 1: Theory, Part 2: Numerical applications, Meccanica
15, (1980), pp 9-20 ; 21-30.

[3] Deconinck, B., Dynamical Systems. Department of Applied Mathematics
University of Washington, USA, June 4, 2009.

(286)



Akl ZiLuill aglel dlna

December 2020 2020 papunss

[4] Elsadany, A. A. and El-Sayed, A. M. A., On a Complex Logistic Difference
Equation, International Journal of Modern Mathematical Sciences, 2012, 4(1): 37-
47

[5] Holmgren, R. A First Course in Discrete Dynamical Systems. Springer-
Verlag, New York (1994).

[6] Kapcak, S., Stability and Bifurcation of Predator-Prey Models With the Allee
Effect,Graduate School of Natural and Applied Sciences, July 2013.

[7] Parks, P. C., A. M. Lyapunov's stability theory - 100 years on, IMA Journal of
Mathematical Control and Information 1992, Vol. 9, pp. 275-303.

[8] Wiggins, S., Introduction to Applied Nonlinear Dynamical Systems and
Chaos, Springer-Verlag, New York, 1990.

(287)



